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New realization of cyclotomic g'-Schur algebras I 


Kentaro Wada 


Abstract. We introduce a Lie algebra gq(m) and an associative algebra W^.q(m) 
associated with the Cartan data of g[„ which is separated into r parts with re¬ 
spect to m = (rrii ,..., rrir) such that mi -I- ■ • • -I- m^ = m. We show that the Lie 
algebra gq(m) is a filtered deformation of the current Lie algebra of gl^, and we 
can regard the algebra Wq,q(m) as a “g-analogue” of 17(gq(m)). Then, we realize 
a cyclotomic g-Schur algebra as a quotient algebra of Z/fg,q(m) under a certain 
mild condition. We also study the representation theory for gq(m) and Wg^q(m), 
and we apply them to the representations of the cyclotomic g-Schur algebras. 
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§ 0. Introduction 

0 . 1 . Let J^n,r be the Ariki-Koike algebra associated with the complex reflection 
group of type G{r, 1, n) over a commutative ring R with parameters g, Qo, ..., Qr-i G 
R, where g is invertible in R. Let be the cyclotomic g-Schur algebra as¬ 

sociated with introduced in [DJM], where m = (mi, ... ,mr) is an r-tuple of 
positive integers. By the result in [DJM], it is known that -mod is a highest 

weight cover of J^n,r-T^od in the sense of [R] if R is a field and m is enough large. 

In [RSVV] and [L] independently, it is proven that ^„^r(m)-mod is equiva¬ 
lent to a certain highest weight subcategory of an affine parabolic category O in a 
dominant case of an affine general linear Lie algebra as a highest weight cover of 
Jifn,r -mod. It is also equivalent to the category O of rational Cherednik algebra with 
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the corresponding parameters. In the argnment of [RSVV], the monoidal structure 
on the affine parabolic category O (more precisely, the structure of O as a bimodule 
category over the Kazhdan-Lusztig category) has an important role. 

In the case where r = 1, it is known that the g-Schur algbera is a 

quotient algebra of the quantum group associated with the general linear he 

algebra gl^, and 0 „>o -mod is equivalent to the category ) consisting 

of hnite dimensional polynomial representations of f/q(gl^) ([BLM], [D] and [J]). The 
category ) has a (braided) monoidal structure which comes from the structure 

of 17g(gl^) as a Hopf algebra. Then the monoidal structure on C^°g( ) is compatible 
with the monoidal structure on the Kazhdan-Lusztig category by [KL]. However, 
it is not known such structures for cyclotomic g-Schur algebras in the case where 
r > 1 although we may expect such structures through the equivalence in [RSVV]. 
This is a motivation of this paper. 

In [Wl], we obtained a presentation of cyclotomic g-Schur algebras by generators 
and dehning relations. The argument in [Wl] are based on the existence of the 
upper (resp. lower) Borel subalgebra of the cyclotomic g-Schur algebra 
which is introduced in [DR]. In [DR], it is proven that the upper (resp. lower) Borel 
subalgebra of 5^n,r{™) is isomorphic to the upper (resp. lower) Borel subalgebra of 
^n,i{rn) (i.e. the case where r = 1 ) which is a quotient of the upper (resp. lower) 
Borel subalgebra of the quantum group Vq(gt„^) (m := if is enough 

large. The presentation of in [Wl] is applied to the representation theory 

of cyclotomic g-Schur algebras in [W2] and [W3]. However, this presentation is 
not so useful in general since, in the presentation, we need some non-commutative 
polynomials which are computable, but we can not describe them explicitly (see [Wl, 
Lemma 7.2]). Hence, we hope more useful realization of cyclotomic g-Schur algebras 
like as the fact that the g-Schur algebra ^n,i(ni) is a quotient of the quantum group 
Uqio^rn) i^ the case where r = 1. In this paper, by extending the argument in [Wl], 
we give a possibility of such realization of cyclotomic g-Schur algebras. 

0 . 2 . Let Q = (Qi,..., Qr-i) be an r — 1 tuple of indeterminate elements over Z, 
and Q(Q) be a held of rational functions with variables Q. In § 2 , we introduce 
a Lie algebra 0 Q(m) with parameters Q associated with the Cartan data of 
{m = J2k=i which is separated into r parts with respect to m (see the paragraph 
1.3). Then, in Proposition 2.13, we prove that gQ(m) is a hltered deformation of 
the current Lie algebra gt^N = Q(Q)N of fh® general linear Lie algebra gl^. 

In Corollary 2.8, we see that gQ(m) has a triangular decomposition 

gQ(m) = n“ © n° © n+. 

Then we can develop the weight theory to study representations of gQ(m) in the 
usual manner (see §3). Let CQ(m) be the category of hnite dimensional gQ(m)- 
modules which have the weight space decompositions, and all eigenvalues of the 
action of belong to Q(Q). Then we see that a simple gQ(m)-module in CQ(m) is 
a highest weight module. 

There exists a surjective homomorphism of Lie algebras gQ(m) gl^ (see 
(2.16.1)) which can be regarded as a special case of evaluation homomorphisms (see 
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Remark 2.17). Let Cg(^ be the category of finite dimensional gl^-modnles which 
have the weight space decompositions. Then Cg(^ is a fnll snbcategory of CQ(m) 
through the above surjection (see Proposition 3.7). 

Let Q = (Qo, Qi,, Qr-i) be an r tuple of indeterminate elements over Z, and 
Q(Q) be a held of rational functions with variables Q. Put 0 Q(m) = Q(Q) (8)iq(q) 
gQ(m), and dehne the category CQ(m) in a similar way. Let ^^,,(m) be the cyclo¬ 
tomic g-Schur algebra over Q(Q) with parameters g = 1 and Q. In Theorem 8.4, 
we prove that there exists a homomorphism of algebras 

Ti : t/(flQ(m)) ^ ^n^(m), 

where 7 /( 0 Q(m)) is the universal enveloping algebra of ^^(m). Assume that > n 
for all k = l,2,...,r — 1, then is surjective. Then ^^^(m)-mod is a full 
subcategory of CQ(m) through the surjection (see Theorem 8.4 (ii)). We expect 
that the surjectivity of Ti also holds without the condition for m. (We need the 
condition for m by a technical reason (see Remark 8.2).) 

It is known that ^^^(m) is semi-simple, and the set of Weyl (cell) modules 

{A(A) I A G ylj[^(m)} gives a complete set of isomorphism classes of simple c5^^^(m)- 
modules (see §6 and [DJM] for dehnitions). The characters of the Weyl modules, 
denoted by chA(A) (A G 7l+,,(m)), are studied in [W2]. We see that chA(A) (A G 
Kri m)) is a symmetric polynomial with variables Xm with respect to m. Put 
^>o( m ) = U„>oA+ (m). Then, for A,yU G yl>Q(m), it was conjectured that 

( 0 . 2 . 1 ) ch A(A) ch A(yu) = LR^^chA(i/) 

in [W2], where LR^^ is the product of Littlewood-Richardson coefficients with re¬ 
spect to A,/i and z/ (see §9 for details). We prove this conjecture in Proposition 9.4. 
We remark that the characters of Weyl modules of a cyclotomic g-Schur algebra do 
not depend on the choice of a base held and parameters. 

By using the usual coproduct of the universal enveloping algebra 7/(gQ(m)) of 
gQ(m), we can consider the tensor product M (8 A in 17(gQ(m)) -mod for M, N G 
7/(gQ(m))-mod. We regard ^^,.(m)-modules (n > 0) as a 7/(gQ(m))-modules 
through the homomorphism Ti. Take n, Ui, 77.2 G Z>o such that n = ni + n 2 . Then, 
in Proposition 10.1, we prove that, for A G r(™) n G 

(0,2,2) A(A)®A(f,)- 0 LR^^A(0 

as U (gQ(m))-modules if ruk > n for all fc = 1 , 2 ,..., r — 1 , where LR)[^ A.{p) means 
the direct sum of LR)[^ copies of A(i/). In particular, we see that A(A) ( 8 ) A(z/) G 
^„^j,(m)-mod. The decomposition (0.2.2) gives an interpretation of the formula 
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(0.2.1) in the category CQ(m). We expect that (0.2.2) also holds without the con¬ 
dition for m. (Note that we prove the formula (0.2.1) without the condition for m 
in Proposition 9.4.) 


0.3. Put A = Z[q, q~^, Qi,..., Qr-i], where q, Qi ,..., Qr-i are indeterminate ele¬ 
ments over Z, and let K = Q{q, Qi,, Qr-i) be the quotient held of A. In §4, we 
introduce an associative algebra Uq^Q (m) with parameters q and Q associated with 
the Cartan data of gl^ which is separated into r parts with respect to m. 

Let g Q(m) be the A-subalgebra of Uq^Q^m) generated by dehning generators 
of Wg^Q(m) (see the paragraph 4.11). We regard Q(Q) as an A-module through the 
ring homomorphism A —)■ Q(Q) by sending q to 1, and we consider the specialization 
Q(Q) W(QgQ(m) using this ring homomorphism. Then we have a surjective 
homomorphism of algebras 

(0.3.1) U{QQ{m)) Q(Q) ®AW^,g,Q(m)/3, 

where is a certain ideal of Q(Q) ®a W^,q,Q(m) (see (4.11.2)). We conjecture that 
the surjection (0.3.1) is isomorphic. Then we can regard Wq^Q(m) as a “g-analogue” 
of 17(gQ(m)). Dividing by the ideal in (0.3.1) means that the Cartan subalgebra 
17(n°) of f/(gQ(m)) deforms to several directions in Wg^Q(m) (see the paragraph 4.11 
and Remark 4.12). 

We see that Wq^Q(m) has a triangular decomposition 
(0.3.2) Wg,Q(m) = 

in a weak sense (see (4.6.1)). We conjecture that the multiplication map U~ (8)]k 
W —)■ Wq,Q(m) gives an isomorphism as vector spaces. More precisely, we 

expect the existence of a PBW type basis of Wg^Q(m) which is compatible with a 
PBW basis of 17(gQ(m)) through the homomorphism (0.3.1). 

Anyway, thanks to the triangular decomposition (0.3.2), we can develop the 
weight theory to study (m)-modules in the usual manner (see §5). Let Cq,Q(m) 
be the category of hnite dimensional Wq^Q(m)-modules which have the weight space 
decompositions, and all eigenvalues of the action of belong to K. Then we see 
that a simple Wg,Q(m)-module in Cq,Q(m) is a highest weight module. 

There exists a surjective homomorphism of algebras Wg Q(m) f/q(gl^) (see 
(4.9.1)) which can be regarded as a special case of evaluation homomorphisms (see 
Remark 4.10). Let be the category of hnite dimensional 17q(gl^)-modules 

which have the weight space decompositions. Then Cuq(gi^) is a full subcategory of 
Cq Q(m) through the above surjection (see Proposition 5.6). 

Put K = ]K(Qo) and A = A[(5o]- We also put = K (g)]^ Wg,Q(m). 

Let WA,(j,Q(m) be the A-form of Uq^Q^m) taking divided powers (see the paragraph 
4.13), and put W^_g Q(m) = A (Da WA,g,Q(m). Let (resp. be the 

cyclotomic g-Schur algebra over K (resp. over A) with parameters q and Q. In 
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Theorem 8.1, we prove that there exists a homomorphism of algebras 

By the restriction of T to U-^ ^ ^(m), we have the homomorphism ^ q(™) 

Then we can specialize to any base ring and parameters. If ruk > n 
for all /c = 1, 2,..., r — 1, then T (resp. is surjective (see also Remark 8.2 for 
surjectivity of T). In Theorem 8.3, we prove that -mod is a full subcategory 

of C^Q(m) through the surjection T if m is enough large. 

We conjecture that has a structure as a Hopf algebra, and that the 

decomposition (0.2.2) also holds for Weyl modules of [n > 0) through 

the homomorphism T and the Hopf algebra structure of WgQ(m). (Note that the 

formula (0.2.1) holds for {n > 0).) 

It is also interesting problem to obtain a monoidal structure for Q(m) (resp. 
WA,g,Q(m) and its specialization) which should be related to the monoidal structure 
on the affine parabolic category O. 

Acknowledgements. This research was supported by JSPS KAKENHI Grant 
Number 24740007. The author is grateful to Tatsuyuki Hikita for his suggestion on 
the dehnition of the polynomials ... ^Xk) (see Remark 7.4). 


1. Notation 


1.1. For a condition A, put 5(^x) 
simplicity. 



if X is true, 
if X is false. 


We also put 6ij 


for 


1.2. g-integers. Let Q(g) be the held of rational functions over Q with an indeter¬ 
minate variable q. For d E Z, put [d] = — g“'^)/(g — q~^) G Q(g)- For d G Z>o, 

put [d]! = [d][d — 1]... [1], and we put [0]! = 1. For d G Z and c G Z>o, put 


d 

c 


[d] [d — 1]... [d — c -1-1] 

H[c-i]...[i] 


, and put 


d 

0 


1 . 


It is well-known that all [d], [d]! and [(?] belong to Z[q,q~^]. Thus we can specialize 
these elements to any ring R and q E R such that q is invertible in R, and we denote 
them by same symbols. 

1.3. Cartan data. Let m = {mi,... ,mr) be an r-tuple of positive integers. Put 
m = Let P = 0™ 1 Zsj be the weight lattice of gl^, and let = 

0™ ^ Zhj be its dual with the natural pairing (, ) : P x P'^ —)■ Z such that (e*, hj) = 
5ij. put P>o = 0™ Z>o£j. 

Set Q!j = — for i = 1,..., m — 1, then H = {oj 11 < i < m — 1} is the set of 

simple roots, and Q = ©r= ZfUj is the root lattice of gl^^. Put Q ^ = ©r= 

Set = hi — for i = 1,..., m — 1, then H^ = {a{ | 1 < i < m — 1} is the 
set of simple coroots. 
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We define a partial order > on P, so called dominance order, by A > /i if 
A - /i e Q+. 

Put P(m) = {{i,k)\l < i < mk, I < k < r}, and P'(m) = P(m) \ {(m^, r)}. 
We identify the set P(m) with the set {1, 2,..., m} by the bijection 


fc-i 

(1.3.1) 7 : P(m) ^ {1, 2,..., m} such that (i, k) i—)■ E ruj + i. 

i=i 

Then, we can identify the set P'(m) with the set {1,2,,... ,m — 1}. Under the 
identihcation (1.3.1), for {i,k), {j,l) e P(m), we dehne 

(b k) > (j, 1) if 7 ((z, k)) > 7 ((j, /)), and (i, k) ± (j, 1) = 7 ((i, k)) ± 7 ((j, /)). 

We also have (mfc + 1, fc) = (1,/c + 1) for fc = l,...,r — 1 (resp. (1 — 1, A;) = 

(mfc_i, fc - 1) for fc = 2,..., r). 

We may write 

P = P^ = "^hi^i^k), Q = 

{i,k)£r{m) {i,k)£r{i[n) {i^k)£r^{m) 

For {i,k) e P'(m), (j,/) G P(m), put a{i,k){j,i) = {a{i,k),\j,i))■ Then, we have 

fl if(j,0 = (b^), 

«(iA)(P) = 1 if 0 = (* + 1, k), 

I 0 otherwise. 

Put 

P"*" = {A G P I (A, ;.)) G Z>o for all (*, k) G P'(m)} and 

-Pm = {-^ £ P I (-^5 (^'{i,k)) ^ ^>0 for all (*, k) G P(m) \ {(mfc, /c) | 1 < /c < r}}. 

Then P+ is the set of dominant integral weights for gl^, and P+ is the set of 
dominant integral weights for Levi subalgebra 01^1 ® • • • © gl^^ of gl^ with respect 
to m = (mi,..., nir). 


§ 2. Lie algebra gQ(m) 

In this section, we introduce a Lie algebra gQ(m) with r — 1 parameters Q = 
(Qi,..., Qr-i) associated with the Cartan data in the paragraph 1.3. Then we study 
some basic structures of gQ(m). In particular, we prove that gQ(m) is a hltered 
deformation of the current Lie algebra of the general linear Lie algebra gl^. 

2.1. Let Q = (Qi ,..., Qr-i) be an r — 1-tuple of indeterminate elements over Z. 
Let Z[Q] = Z[Qi,..., Qr-i] be the polynomial ring with variables Qi, ..., Qr-i, and 
Q(Q) = Q(Qi) • • •) Qr-i) be the quotient held of Z[Q]. 
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Definition 2.2. We define the Lie algebra g = gQ(m) over Q(Q) by the following 
generators and defining relations: 

Generators: G r'(m), (j,/) G r(ni), t > Oj. 

Relations: 


(Ll) 




(L2) 




(L3) 


%fi 

ifi 

7^ rrik 

= ruk 

(L4) 

lyWWJ = '> i/(i.0 7^(*±l.*:). 



(L5) 




(L6) 




where 

put tkT[i^k),t ^{i,k),t '^{i-\-l,k),t’ 




2.3. For r G Q(Q), let Vr = 0(jz)gr(m) Q(Q)'^(i,0 be the Q(Q)-vector space with a 
basis I (j, 1) G F(m)}. We can define the action of g on W by 




if (j, 1) = {i + 1, k) and i fi- 
{-Qk + r)T^V(^rnk,k) if (j, 1) = (1, /c + 1) and i = 
0 otherwise, 

I if (j,/) = 

1 0 otherwise, 

|r%-z) if (j,/) = (i,fc), 

1 0 otherwise. 


We can check the well-definedness of the above action by direct calculations. 
2.4. For (i, A:), (j, 1) G F(m) and t > 0, we dehne the element G g by 


if (j,0 = (b/i;), 

['b’(j-2,fc),0’ • • • ’ [‘^(j+1,0,0’ • • • ] 0 < (b 

in particular, we have Sl,^k),{i+i,k) = ^,k),t ^nd 4+i,fc),p,fe) = ^(i,k),f 
If (j, 1) > (h /c), we have 




^kk),m 


Kentaro Wada 


If (j,/) < (i,/c), we have 






Lemma 2.5. 

(i) For {i, k), {j, 1) G r'(m) such that (j, /) > (i, k), we have 

(2.5.2) [X(q,^c),s, A;),( 7 ,n] = 


' ot+s 

^{i-l,k),{j,l) 

if {a, c) = (z - 1 

ct+s 

if {a, c) = {j,l). 

0 

otherwise. 

ct+s 

if {a, c) = {i,k). 


if {a, c) = {j,l). 

0 

otherwise. 


(2.5.3) 

[^{a,c),sy ^{i,k),{j,l)\ 

'-^ltkUi,k) + ^(m,fc),(*+i,fc) ifi = l,{a,c) = {i, k) and i ^ 

n _ ct+s \ _ ct+s+1 ct+s+1 

z/ £ = 1, (a, c) = (z, k) and i = nik, 

_ (a, c) = (z, k) and i rrzfc, 

^ I 5 (®5 *") “ (h (^IT'd i = Ulk, 


_ct+s 

QiSf+^ 

0 


-X 


t+s+l 


if i > I, (a, c) = {j — 1, /) and j — 1 ^ mi 
if i > 1, (a, c) = (j — 1, /) and j — 1 = mi 
otherwise, 


where we put I = (j, /) — (z, k). 

(ii) For (z, k), {j, 1) G X(m) such that (j, /) < (z, k), we have 

if {a,c) = {i,k), 

[‘^{a,c),s-’^{i,k),{j,l)\ — ^ c) = (i ~ 

[ 0 otherwise, 

l^itkUpi) if{a,c) = {i,k), 

[^{a,c),s,^(i^k),{j,l)] = ^ (®)C) = (j,/), 

I 0 otherwise. 
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ct-\-s _ ct-\-s 

if 1=1, (a,c) = 

— D ('l _L C^+5+1 

^^\^{mk,k),{7nk,k) ^{l,k-\-l),{l,k+l)) ^{mk,k),{7nk,k) 


ifi=l, (a,c) = 

ct+s 

^{i-l,k),ij,l) 

ifi>l, (a,c) = 

— C) _i_ c*+.5+i 

ifi>l, (a,c) = 

ct+s 

^{i,k),{j+l,l) 

ifi>l, (a,c) = 

ct+s ct+s+l 

'^l^{i,k),{l,l+l) ^(i,k),{1,1+1) 

if£>l, (a,c) = 

0 

otherwise. 


{i — 1, k) and i — 

_ Ct+s+l 

{i — 1, k) and i — 
{i — 1, k) and i — 
{i — 1, k) and i — 
UJ) and j 7 ^ rm, 
UJ) and j = mi, 


1 ^ mk, 

1 = mk, 
1 ^ mk, 
1 = mk. 


where we put i = {i, k) — {j, 1). 

(iii) For {i,k) G -r(m), we have 

\^{a,c),S) £(i^k),(i,k)] ~ 0 ) 

\^(a,c),s^^{iF),(i,k'^ — a{a,c){i,k)£(^a+l,c),{a,c)- 


Proof. We prove (2.5.1) by the induction on (j, 1) — {i, k). 

In the case where {j,l) — {i,k) = 1, it is follows from the relations (L4) and (L5). 
Assume that (j, 1) — {i, k) > 1. We have 


Applying the assumption of the induction, we have 


( 2 . 5 . 4 ) 


(i,fc),0’ ^{tk),{j,l)\ 


= 


[A, 


if (a, c) = (i, k), 
if (a,c) = 

if (a, c) = (i — 1, k), 
if (a, c) = {i + 1, k), 
otherwise. 


We also have 
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Applying the assumption of the induction, we have 
(2.5.5) 




= < 


1,0,0’ '^(l-2,o,s]’ (®’ '^) ~ O' “ 2, /), 

-[Oi'u,,n.yti,n,ol 


if (a, c) = (i — 1, A;), 
if (a,c) = (j - 1,/), 
otherwise. 


By (2.5.4) and (2.5.5), we have 


^ ct+s 

_ ct+s 

^ii,k),ij+l,l) 

[‘^(i,fc),0’ ^(i,k),{i+2,k)\ 


if (a, c) = {i — 1, k), 

if (a,c) = UJ), 

if (a,c) = {i,k) = (j -2,1), 


['^(a,c),s’ ^{i,k),{j,l)\ ^ [['^(i+l,fc),s’ ^{i,k),o\^ ^{i+l,k),{i+3,k)] 

if (a,c) = {i + l,k) = {j - 2,1), 

['^(7+i,fc),o’ J).h+2.fc)] if 0 = 0 + 1, k) = {j -1,1), 

0 otherwise. 

By the direct calculations using the relations (L4)-(L6), we also have 

['^(tfe),0’^(i!fc),(*+2,fc)] ^ [['^(t+l,fc),s’'^(tfc),o]’0*+l,fc),h+3,fc)] ^ ^ f*- 


Now we proved (2.5.1). 

We prove (2.5.2) by the induction on (j,/) — {i,k). In the case where (j,/) — 
{i, k) = 1, it is just the relation (L2). Assume that (j, 1) — {i, k) > 1. We have 


r ft 

-(a,c),S) ^{i,k) 


,(i,o] 


[^{a,c),s, [‘+(j^fc),0’ O*+l,^),(i,0]] 


Applying the assumption of the induction, we have 


\I, 


(a,c),s, ^{i,k),{j,l 


.o] = 


r y+ ft+s 


^{i,k)fly‘-(i+l,k),{j,l)i 
^{i+l,k),{j,l)\ 




1 


if (a, c) = (f + 1, k), 

if (a,c) = {j,l), 
if (a,c) = {i,k), 
otherwise. 


Thus, we have (2.5.2) by applying (2.5.1). 

We prove (2.5.3) by the induction on £ = (j, /) — (i, k). In the case where £ = 1,2, 
we can show (2.5.3) by direct calculations. Assume that £ > 2, we have 
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— ^li+l,k),{j,l)\] + [[^{ 

Applying the assumption of the induction, we have 






if (a, c) = {i + 1, k) and i + 1 ^ rrik, 

if (a, c) = {i + 1, k) and i + 1 = rrik 

if (a, c) = (j - 1, 1) and j mi, 

if (a, c) = (j - 1, /) and j - 1 = mi, 

if (a, c) = {i, k) and i ^ mk. 


L,fe+l),s+l, 

if (a, c) = {i, k) and i = mk, 
otherwise. 


0 


V. 


Thus, we have (2.5.3) by applying (2.5.1) and (2.5.2). 

(ii) is proven in a similar way. (hi) is just the relations (LI) and (L2). □ 


By Lemma 2.5, we see that 0 is spanned by \{z,k),U,i)er{ui),t>o} 

as a Q(Q)-vector space. In fact, we see that it is a basis of g as follows. 

Proposition 2.6. {S^^ik){ji) I 0)0 ^ r{iLn),t > 0} gives a basis of g = gQ(m). 

Proof. It is enough to show that {E^- I ihk), {j,i) e r{m),t > 0 } are linearly 
independent. 

For T e Q(Q), let Vr = 0(j,p6r(m) Q(Q)^(i.O ^^e g-module given in 2.3. 

Then, we see that 


^{i,k){j,l) ■ '^(a,c) — S{a,c){j,l)'4’{i,k){j,l)T 'V{i,k)i 


where we put 



l-k-l 



otherwise. 



( 




(i,k),{j,l)er(m),t >0 


(i,k)£r[m) 

0 . 


t>o 
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Thus, for any {i, k), (j, 1) G r{m) and any r G Q(Q), we have 

= 0 - 

t>o 

This implies that i) ~ ^ (h ^ r{m) and any t > 0. □ 

2.7. Let n’*', n“ and be the Lie subalgebras of g generated by 

I (h k) G r'(m), t > 0}, I (h e T'(m), f > 0} and 

{%z),t I (j,/) e r(m),t > 0} 

respectively. Then, we have the following triangular decomposition as a corollary of 
Proposition 2.6. 

Corollary 2.8. VTe have the triangular decomposition 

g = n“ © © n’*' (as vector spaces). 

2.9. A current Lie algebra. Let Q[x] be the polynomial ring over Q, and let 
0LN = QN ©gl^ be the current Lie algebra associated with the general linear Lie 
algebra gl^ over Q. Namely, the Lie bracket on gt^N is dehned by 

[a © fif, fe © h] = a6 © [g, h] (a, b G Q[a:], g,he gl^). 

Let Ei^j G gl^ (1 < i,j < m) be the elementary matrix having 1 at the (*,j)- 
entry and 0 elsewhere. Put e, = ft = T'i+i.i and Kj = Ej^j. Then Q[a;] © 

is generated by 

© Cj, ® fi, ® Kj (1 < i < m — 1, 1 < j < m, t > 0). 

2.10. In the case where r = 1 (m = m), the Lie algebra g(m) over Q is generated 
by and Xjj (1 < f < m — 1, 1 < j < m, t > 0) with the dehning relations 
(L1)-(L6) (for («, 1) G r{m), we denote {i, 1) by i simply). In this case, the relation 
(L3) is just 


Then, we have the following lemma. 

Lemma 2.11. There exists the isomorphism of Lie algebras 

$ : g(m) (At+ H- x* © e^, X~ H- x* © fi, Xjj H- x* © Kj). 

In particular, the relations (L1)-(L6) (in the case where r = 1) give a defining 
relations o/gl^[a;] through the isomorphism <|). 


New realization of cyclotomic g-Schur algebras I 


13 


Proof. We can show the well-dehnedness of the homomorphism <h by checking the 
dehning relations of Q{m) directly. 

For i,j G and f > 0, we see that = x* 0 Etj. Clearly, 

{x^ <S)Eij \ l < i,j < m, t > 0} gives a basis of Thus, Proposition 2.6 implies 

that <F is isomorphic. □ 

2.12. In the case where r > 2, we can regard 0 = 0 Q(m) as a deformation of the 
current Lie algebra Q(Q) (8 )q fllmN follows. 

For f > 0, put 


yt = I (b ^ 0 e F(m)}. 

Let Qt be the Q(Q)-subspace of g spanned by 

{[y,., ly,,..., |y,_.,yj...) | y. e y., > t p > i}. 

6=1 


Then, we have the sequence 


0 = 00 3 01 3 02 3 • • • • 

By the dehning relations (L1)-(L6), we see that 

(2.12.1) [0s,0t]C0s+t (s,f>0). 

For f > 0, let Ut : g^ —?■ Qt/Qt+i be the natural surjection. By (2.12.1), we can 
dehne the structure as a Lie algebra on grg = 0t>o0t/0f+i by 

[(^s{9), (yt{h)] = (Ts+t{[g, h]) {g e 0s, hegt). 

Then we see that, grg is generated by 

^i('^(tfc),t)’ {{i, k) G r'(m), (j, /) G r(m), t > 0), 

and grg has a basis I (b (t 0 ^ -T(m), t > 0}. 

Proposition 2.13. There exists the isomorphism of Lie algebras 

T ; Q(Q) 0Q0LN -> grg = 00i/0t+i 

t>o 


X* (g) i-)- 




f{i,k) ^ M^(i,k),t)^ 


such that 


ifi 7^ mfc, 
ifi = mfc. 
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x* (g) H- 


where we use the identification (1.3.1) for the indices of generators o/gl^[x]. 

Proof. We can show the well-dehnedness of the homomorphism \1/ by checking the 
dehning relations of directly (see Lemma 2.11). We also see that 


\k(a; (g) y 


where we pnt 


l-k-l 






p=0 


1 


otherwise. 


Thus, we see that T is isomorphic. 


□ 


As a corollary of the above proposition, we have the following isomorphism 
between Q(Q) <g)Q g(m) and grgQ(m). 

Corollary 2.14. There exists the isomorphism of Lie algebras 


d' : Q(Q) 0Qg(m) ^ grgQ(m) = 0gt/gt+i 


such that 



where we use the identification (1.3.1) for the indices of generators o/g(m). 


2.15. We also have some relations between the Lie algebra gQ(m) and the general 
linear Lie algebra gl,„ as follows. Let glmi ® • • • © glm,. be a Levi subalgebra of g[,„ 
associated with m = (mi,..., m^). Then generates of gl^^ © • • • © gl^,. ^ire given by 
e{i,k), f(i,k) {^ < i < ruk - l,l < k < r) and iLp-p {{j, 1) G T(m)), where we use the 
identihcation (1.3.1) for indices. 

Proposition 2.16. 

(i) There exists a surjective homomorphism of Lie algebras 


(2.16.1) 


g : gQ(m) -> gl,^ 


such that 



New realization of cyclotomic g-Schur algebras I 


15 


and = 0 for t > 1. 

(ii) There exists an injective homomorphism of Lie algebras 
(2.16.2) ^gQ(m) 

such that t(e(j^fc)) = ^(/(*.*:)) ~ ^{i,k ),0 ~ ^O'.O.O- 

Proof. We can check the well-definedness of g and l by direct calculations. Clearly 
g is surjective. Let l' : gt^^ © • • • © gl^^ —?■ gt^ be the natural embedding. Then, by 
investigating the image of generators, we see that d = g o c. This implies that l is 
injective. □ 

Remark 2.17. The surjective homomorphism g in (2.16.1) can be regarded as a 
special case of evaluation homomorphisms. However, we can not define evaluation 
homomorphisms for gQ(m) in general although we can consider gQ(m)-modules 
corresponding to some evaluation modules. They will be studied in a subsequent 
paper. 


§ 3. Representations of gQ(m) 

Thanks to the triangular decomposition in Corollary 2.8, we can develop the 
weight theory to study some representations of gQ(m) in the usual manner as follows. 

3.1. Let 17(g) = f/(gQ(m)) be the universal enveloping algebra of the Lie algebra 
gQ(m). Then, by Corollary 2.8 together with PBW theorem, we have the triangular 
decomposition 

(3.1.1) f/(g) ^t/(n-)©17(n°)©t/(n+). 

Thanks to the triangular decomposition, we can develop the weight theory for 17(g)- 
modules as follows. 

3.2. Highest weight modules. For A G P and a multiset ip = \ {j, 1) ^ 

P(m),f > 1) £ Q(Q))) we say that a P(g)-modules M is a highest weight 

modules of highest weight (A, ip) if there exists an element Vq ^ M satisfying the 
following three conditions: 

(i) M is generated by vq as a. U (g)-module, 

(ii) ^ • T = 0 for all (i, k) G P'(m) and f > 0, 

(in) Xq- p,o • To = (A, p)to and X(j-• Vq = P(j,i),tVo for (j, 1) G P(m) and t > 1. 

If an element vq & M satisfies the above conditions (ii) and (iii), we say that vq is 
a maximal vector of weight (A, p). In this case, the submodule P(g) • tq of M is a 
highest weight module of highest weight (A, p). If a maximal vector vq E M satisfies 
the above condition (i), we say that Vg is a highest weight vector. 

For a highest weight P(g)-module M of highest weight {\,p) with a highest 
weight vector vg G M, we have M = P(n~) • Vg by the triangular decomposition 
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(3.1.1). Thus, the relation (L2) implies the weight space decomposition 


(3.2.1) M = such that dimQ(Q) M\ = 1, 

tJ-GP 

m<a 


where = {u e M | ■ v = h{j,i))v for (j, 1) e r(m)}. 

3.3. Verma modules. Let U{n-^) be the subalgebra of U{q) generated by [/(n*^) 
and 17(n’*’). Then, by Proposition 2.6 together with the proof of Lemma 2.5, we see 
that f/(u'^) (resp. f/(n“)) is isomorphic to the algebra generated by ^ \ (i, k) G 

r'{iLn),t > 0} (resp. J (i,/c) G /^'(m),^ > 0}) with the dehning relations 

(L4)-(L6), 17(n°) is isomorphic to the algebra generated by \ {j, 0 ^ T'(m) ,t> 

0} with the dehning relations (LI), and that f/(n-°) is isomorphic to the algebra 
generated by | {i,k) G X'(m),(j,/) G X(m),t > 0} with the dehning 

relations (L1)-(L6) except (L3). Then we have the surjective homomorphism of 
algebras 

(3.3.1) 17(n-°) 17(n°) such that ^ 

For A G P and a multiset cp = we dehne a (1-dimensional) simple 

P(n°)-module 0 (a,<p) = Q(Q)i^o by 

^{j,i),o • "^0 = (A, h(^j^i))vo, ■ Vo = P(j,i),tVo 

for (j,l) G P(m) and t > 1. Then we dehne the Verma module M(A,(p) as the 
induced module 


M(A,(p) = [/(g) 0[/(n>o) 0(A,<p), 

where we regard 0 (a,v 5 ) a left P(n-°)-module through the surjection (3.3.1). 

By dehnitions, the Verma module M(A, cp) is a highest weight module of highest 
weight (A, cp) with a highest weight vector 1 0 vq- Then we see that any highest 
weight module of highest weight (A, (p) is a quotient of M(A, cp) by the universality 
of tensor products. We also see that M(A, (p) has the unique simple top L(A, cp) = 
M(A, cp)/ radM(A, cp) from the weight space decomposition (3.2.1). 

By using the homomorphism c : P(0lmi ® ''' ® ^(fl) induced from 

(2.16.2), we have a necessary condition for L(A, cp) to be hnite dimensional as follows. 

Proposition 3.4. For A G P and a multiset cp = 'll L[\,cp) is finite 

dimensional, then we have A G Pj^. 

Proof. Assume that L(A, cp) is hnite dimensional. Let uq £ L{.^) 'p) be a highest 
weight vector. When we regard L(A, <^) as a P(fllmi ®'' •® 0 lmr)”^obule through the 
injection l : P( 0 [^^©- • -© 01 ^^ U{g), we see that P( 0 [^^©- • •© 0 [„^)-submodule 

of L(A, p) generated by Uq is a (hnite dimensional) highest weight P(0tmi®'' ■®0imr)” 
module of highest weight A. Thus, the Lemma follows from the well-known facts for 
^(sLi ® •••® 0 Lj-modules. □ 
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3.5. Category CQ(m). Let CQ(m) (resp. C^°(m)) be the full subcategory of 
U ( 0 ) -mod consisting of U (g)-modules satisfying the following conditions: 

(i) If M G CQ(m) (resp. M G C^°(m)), then M is hnite dimensional, 

(ii) If M G CQ(m) (resp. M G C^°(m)), then M has the weight space decompo¬ 
sition 


M = 0 Ma (resp. M = 0 M^), 
AeP AeP>o 


where Ma = {n G M | X(yp,o ■ v = {\, h(^j,i))v for (j, /) G X(m)}, 

(iii) If M G CQ(m) (resp. M G C^*^(m)), then all eigenvalues of the action of 
((j,0 G r(m),f > 0) on M belong to Q(Q). 

By the usual argument, we have the following lemma. 

Lemma 3.6. Any simple object in CQ(m) is a highest weight module. 

By using the surjection g ■. U{q) ^ Ui^Qi^n) induced from (2.16.1), we have the 
following proposition. 

Proposition 3.7. Let Cg[^ he the category of finite dimensional U{qI^)- modules 
which have the weight space decomposition. Then, we have the followings. 

(i) Cg[^ is a full subcategory o/CQ(m) through the surjection g : U{g) ^ 17(gl^). 

(ii) For A G P~^, the simple highest weight U-module Ag(^(A) of highest 

weight A is the simple highest weight U{g)-module of highest weight (A, 0) 
through the surjection g ■.U{q) ^ where 0 means = 0 for all 

(j, 1) G X(m) and t > 1. 

§ 4. Algebra Wg_Q(m) 

In this section, we introduce an algebra Ug^Q^m) with parameters q and Q = 
{Qi,... ,Qr-i) associated with the Cartan data in the paragraph 1.3. Then we 
study some basic structures of Ug^Q^m). In particular, we can regard Ug^Q^m) as a 
“g-analogue” of the universal enveloping algebra U ( 0 Q(m)) of the Lie algebra 0 Q(m) 
introduced in the section § 2 . 

4.1. Put A = Z[Q][g, q~^] = Z[q, q~^, Qi ,..., Qr-i], where q, Qi ,..., Qr-i are inde¬ 
terminate elements over Z, and let IK = Q{q, Qi, ..., Qr-i) be the quotient held of 

A. 

Definition 4.2. We define the associative algebra U = Wq^Q(m) over K by the 
following generators and defining relations: 

Generators: ^S,z) G r'(m), (j,/) G r(m), t > Oj. 

Relations: 


(Rl) 

(R2) 





K.F = 1 ± (9 - 

— ^ e {+> -}), 
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(R3) 

(R4) 

(R5) 

I- u,0>«+i’ ^ u>0>« (2,fc),t+i ^ (i,fc),t+i 0,0,^’ 

(R6) 


>^hA i,k),s+t * 7 ^ Hlfc) 


— S{i,k),{j,l) 

(R7) 

['^(tfc),!’ '^(to J ° ^ ^)’ 

^di vdi 


(2,/!:),t+l"^(2,/!:),S ^ (2,fc),s"^(2,/c),t+l ^ (2,/!:),t"^(2,fc),S + l (2,fc),S + l"^{2,/!:), 

«’''^(t+i.i),.-^(tt),.+i = Ri),.-^(1+1,»),.+. - 9'^l 

^ A;'l./-I-1 .fc'l..s-l-l ‘^(' 7 'A;')./; 


-vdi 2 vi 


t’ 


1,/c) ,s *^(7 , fc) ,£+1 




(2,fc),£+l‘^(2 + l,fc),S ‘^(2 + l,fc),S + l‘^(7,/c),t ^‘^(7,/c),£‘^(2 + l,fc),S + l ’ 


(R8) 

‘^(j±l,fc),-!i (“^(ijfc), 8 *^( 1 ,fc),t ^(i,k),t^{i,k),s} i.^{i,k),s^{i,k),t ^{i,k),t^{i,k),s} ^{i±l,k),u 

Q ) (^^(^i^k),s^{i±l,k)^u^{i,k),t ^(i,fc),t^(i±l,fc),4t^(i,fc),s) ’ 

where we put = ^^i^k)^{i+i,k)’ ^{i,k) ^ 

^(t,fc),0 ~ ^(i+l,fc),0 + ( 9 ' “ *? )^(t,A:),0^(i+l,fc),0 '^f ^ 

t-l 

(l~'^,k),t - ^'^+l,k),t - (^ - ^■*^''^(tfe),i-62^(7+l,fc),6 ^ft>0. 


77 'i,k),t 


6=1 


Remark 4.3. The relations (R4) follows from the relations (Rl) and (R3) in 
Wg_Q(m). Thus, we do not need the relations (R4) as a dehning relations of Z£g^Q(m). 
However, (R4) does not follows from (Rl) and (R3) in the integral forms W^^Q(m) 
and WA,g,Q(m) dehned below. Then, we require the relations (R4) in a dehning 
relations of Uq^Q^m). 
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4.4. By the relation (Rl), for {i, k) G we have 


(4.4.1) 






q-q 


-1 


Thus, in the case where s = t = 0, we can replace the relation (R6) by 

(4.4.2) 




By (R8), if s = t, we have 




-1 


if i ^ ruk, 


q-q 

{vTLj^^k') rr ’T ■ 

-Qk h ^(mk,k)'^i^k,k),l if * — nifc. 


q-q 


(4.4.3) 






By (R4) and (R5), we have 

(4.4.4) 

By the induction on s using the relation (R6), for s > 1, we can show that 

(4.4.5) 

s-l 

= a(U)(404*““‘><">'-’yt„j+, ± a(U)(l,o(9 - V) 


s—p 


P=1 

s-l 

p=l 

and 

(4.4.6) 

[^5,/),s’ ^{i,k),t\ 


s—l 


s—p 


P=1 

s—l 

= -«(i.i)(J.99*“<‘.*)«.«<-‘>y-,,,^, T 0(.4)0 .o(9 - 9-') E 9*“'““"'''"‘’4o,.-p'1’(7^..+p' 


p=i 
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4.5. Let = Wg'^Q(m), hi = and = W®Q(m) be the subalgebra of U 

generated by 

(b ^ r\m), t > 0}, 

I ^ t > 0} and 

I ^ ^ 

respectively. Then, we have the following triangular decomposition of hi from the 
relations (R1)-(R8), (4.4.5) and (4.4.6). 


Proposition 4.6. VTe have 

(4.6.1) U = U~WU+. 


Remark 4.7. We conjecture that the multiplication map hi~ (8)k ®k hi^ —> hi 
{x®y®z 1 -^ xyz) gives an isomorphism as vector spaces. More precisely, we expect 
the existence of a PBW type basis of U (cf. Proposition 2.6 and (4.11.2) with 
Remark 4.12). 

4.8. We have some relations between the algebra hi and a quantum group associated 
with the general linear Lie algebra as follows. 

Let t/g(g[^) be the quantum group associated with the general linear Lie algebra 
over K. Namely, 17g(g[^) is an associative algebra over K generated by e*,/* 
(1 < z < m — 1) and (1 < j < m) with the following defining relations: 

(Ql) K+K* = Kp<r, KtK- = K-K+ = 1, 

(Q2) K^eiK~ ^ /q/j/i'" ^ where a,, ^ (a,, ft,), 

K^K~ —K~K^ 

(Q3) e,/, - /je, = 

q — q~^ 

(Q4) Ciiie- - (g + g“^)eiei±iei + e-e^ii = 0, 6*6^ = e^ej (|z - j\> 2), 

(Q5) fi±ifi - (g + q~^)fifi±ifi + = 0, fifj = fjfi {\i-j\>2). 

Let Rg(gLi ©•••©SLJ = 17g(g[^i) (8) • • • 0 f4(glm,.) be the Levi subalgebra of 
Uq{gl^) associated with the Levi subalgebra gl^i ® • • '©fllmr 0^m- Then generators 
of Ugigl^^ © • • • © gt^J are given by ep,^), /(p^) (1 < f - 1,1 < fc < r) and 

^iji) ^ where we use the identihcation (1.3.1) for indices. 

Proposition 4.9. 

(i) There exits a surjective homomorphism of algebras 


(4.9.1) 


g : Wg,Q(m) ^ L'g(gL) 
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such that 






ifi ^ rrik, 




~Qk^{mi^,k) if ^ 

= 0 /or t > 1. 

(ii) There exists an injective homomorphism of algebras 


(4.9.2) i : © • • • © gt^r) W<j,Q(m) 

such that L{e{i^k)) = ^(i^k),o’ ^(/(*>fc)) ~ ^{i,k),o ~ ^0',0’ 

Proof. We can check the well-definedness of g and l by direct calculations. Clearly 
g is surjective. Let l' : lLg(glmi © • • • © Q^mf) tie the natural embedding. 

Then, by investigating the image of generators, we see that l' = g o l. This implies 
that i is injective. □ 


Remark 4.10. The surjective homomorphism g in (4.9.1) can be regarded as a 
special case of evaluation homomorphisms. However, we can not define evaluation 
homomorphisms for Uq^Q^m) in general although we can consider Z//g_Q(m)-modules 
corresponding to some evaluation modules. They will be studied in a subsequent 
paper. 

4.11. Let g Q(m) be the A-subalgebra of ZYg^Q(m) generated by 

^tj,i),v ^fpi) I (b k) e r'(m), (j, /) e r(m), f > o}. 

Then, is an associative algebra over A generated by the same generators with 
the defining relations (R1)-(R8). We regard Q(Q) as an A-module through the ring 
homomorphism A —)■ Q(Q) {q ^ 1), and we consider the specialization Q(Q) ©a^a 
using this ring homomorphism. Let Z be the ideal of Q(Q) ©a W/ generated by 

(4.11.1) {/C+- 1, ^ ^ I (i, /) G r(m), t > 0}. 


Let f/(gQ(m)) be the universal enveloping algebra of the Lie algebra gQ(m) 
defined in Definition 2.2. Then we can check that there exists a surjective homo¬ 
morphism of algebras 


(4.11.2) f/(gQ(m)) ^ Q(Q) ©a Wl,g,Q(m)/;i 

such that ^ ^ ^ and X(j,z),t ^ 

Remark 4.12. We conjecture that the homomorphism (4.11.2) is isomorphic. Then 
we may regard Wg^Q(m) as a g-analogue of 17(gQ(m)). 

We also remark that we have (/Cq. ;^)^ = 1 in by the relation (Rl). On the 
other hand, there exists an algebra automorphism of U such that /C)*)- i-G> — p 
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and the other generators send to the same generators. Thus, the choice of signs for 
/C^. in (4.11.1) will not cause any troubles. 

4.13. The hnal of this section, we dehne the A-form of U taking the divided powers. 
For (i, k) G and t, d G Z>o, put 


y±(d) 



eU. 


For (j, 1) G F(m) and d G Z>o, put 


d 


/c+-/cr 


n 


b=l 




qb _ q-b 


GW. 


Let Wa 


= WA,g,Q(m) be the A-subalgebra of U generated by all 

d \ ■ 


T=*= 


1 


§ 5. Representations of W,,Q(m) 

Thanks to the triangular decomposition (4.6.1) of W = Wg^Q(m), we can develop 
the weight theory to study W-modules in the usual manner as follows. 

5.1. Highest weight modules. For A G P and a multiset = (v^Q p^l (j) 0 ^ 
P(m),t > 1) ^ ^ W-module M is a highest weight module 

of highest weight (A, p) if there exists an element vq & M satisfying the following 
three conditions: 

(i) M is generated by vq as a W-module, 

(ii) ^ • To = 0 for all (z, k) G P'(m) and t > 0, 

(hi) ^ • To = and • Vq = for (j, 1) G P(m) and t > 1. 

If an element vq ^ M satishes the above conditions (ii) and (iii), we say that vq is a 
maximal vector of weight (A, p). In this case, the submodule W-no of M is a highest 
weight module of highest weight {X,p). If a maximal vector vq & M satishes also 
the above condition (i), we say that vq is a highest weight vector. 

li Vq E M is a. maximal vector of weight (A, p), for (j, /) G P(m), we have 

^(lz),o • where A(j-p = (A, h(j-p) 

by the relation (Rl). 

For a highest weight W-module M of highest weight (A, p) with a highest weight 
vector vq G M, we have M = IA~ -Vq by the triangular decomposition (4.6.1). Thus, 
the relation (R3) implies the weight space decomposition 

M = such that dimKMA = 1, 

m<a 


(5.1.1) 
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where e M | • v = for (j, 1) G r{m)}. 


5.2. Verma modules. Let be the associative algebra over K generated by ^ 
and for all (j,/) G r'(m) and t > 0 with the dehning relations (Rl) and (R2). 

We also dehne the associative algebra generated by ^(1^) t, ^fji) t ^fji) 
all {i,k) G r'{m), {j,l) G r(m) and t > 0 with the dehning relations (R1)-(R8) 
except (R6). Then we have the homomorphism of algebras 


(5.2.1) 


Mi 


>0 


—)■ U such that , i—)■ XXs , 


T=‘= 






and the surjective homomorphism of algebras 


(5.2.2) ^ such that ^ ^ 0,Xj;) ^ Xj^),, /C± ^ )Cf. ^y 

For A G P and a multiset cp = we dehne a (1-dimensional) simple 

W°-module 0 (a,¥>) = IKfo by 

^ 5.0 ■ ^0 = ■ Vo = 

for {j,l) G P(m) and t > 1. Then we dehne the Verma module M{X,cp) as the 
induced module 


M{X,(p) =U®Q>o 0(A,v>), 

where we regard 0 (a,v 3) (resp. U) as a left (resp. right) W-°-module through the 
homomorphism (5.2.2) (resp. (5.2.1)). 

By dehnitions, the Verma module M(A, ip) is a highest weight module of highest 
weight (A, (p) with a highest weight vector 1 (g) uq- Then we see that any highest 
weight module of highest weight (A, p) is a quotient of M(A, p) by the universality 
of tensor products. We also see that M(A, p) has the unique simple top X(A, p) = 
M{X,p)/Ta.dM{X,p) from the weight space decomposition (5.1.1). 

By using the homomorphism l : Pg(0lmi ® ''' ® 0^mr) ^ (4-9.2), we have 

the following necessary condition for X(A, p) to be hnite dimensional in a similar 
way as in the proof of Proposition 3.4. 

Proposition 5.3. For A G P and a multiset p = (ip^. if L{X,p) is finite 
dimensional, then we have X G Pj^. 

5.4. Category Cq^Q(m). Let Cq,Q(m) (resp. C^Q(m)) be the full subcategory of 
U -mod consisting of W-modules satisfying the following conditions: 

(i) If M G Cq^Q(m) (resp. M G C^Q(m)), then M is hnite dimensional, 
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(ii) If M G Cq^Q(m) (resp. M G C^Q(m)), then M has the weight space decom¬ 
position 


M = 0Ma (resp. M = 0 M^), 

AeP agp>o 

where Mx = {n G M | /C^- ly m = for (j, 1) G r'(m)}, 

(iii) If M G Cg,Q(m) (resp. M G C^Q(m)), then all eigenvalnes of the action of 
0 t ^ -^(™)) ^ > 0) on M belong to K. 

By the nsnal argnment, we have the following lemma. 

Lemma 5.5. Any simple object in Cq^Q(m) is a highest weight module. 

By nsing the snrjection g : WqQ(m) —)■ [/^(gl^) in (4.9.1), we have the following 
proposition. 

Proposition 5.6. LetCug(s[y category of finite dimensional Uq{gl^)-modules 

which have the weight space decomposition. Then we have the followings. 

(i) is a full subcategory of Cq^ci{m) through the surjection (4.9.1). 

(ii) For X G , the simple highest weight Uq{gi^)-module A{/^(g[^)(A) of high¬ 

est weight A is the simple highest weight U-module of highest weight (A, 0) 
through the surjection (4.9.1), where 0 means Tfji) t ~ ^ (a 0 ^ L'(m) 

and t > 1. 

§ 6. Review of cyclotomic g-ScHUR algebras 

In this section, we recall the dehnition and some fnndamental properties of the 
cyclotomic g-Schnr algebra .5^„^r(m) introdnced in [DJM]. See [DJM] and [Ml] for 
details. 

6.1. Let i? be a commntative ring, and we take parameters q, Qq, Qi ,..., Qr-i G R 
snch that q is invertible in R. The Ariki-Koike algebra J^n,r associated with the 
complex reflection gronp &n x (Z/rZ)"" is the associative algebra with 1 over R 
generated by Tq, Ti,..., T„_i with the following dehning relations: 

(To-Qo){To-Qi).. .{To-Qr-i) =0, {R - q){Ti + q~^) = 0 {l<i<n-l), 

TqTiTqTi = TiTqTiTo, TjTj+iTj = Tj+iTjTj+i (1 < * < n — 2), 

TiTj = TjTi (|i-j|>2). 

The snbalgebra of J^n,r generated by Ti,..., T„_i is isomorphic to the Iwahori- 
Hecke algebra J^n associated with the symmetric gronp of degree n. For w G G„, 
we denote by £{w) the length of w, and denote by T^jj the standard basis of J^n 
corresponding to w. 

6.2. Pnt Li = Tq and Lj = Tj_iLj_iTj_i for i = 2,... ,n. These elements Li,..., 
are called Jncys-Mnrphy elements of J^n,r (see [M2] for properties of Jncys-Mnrphy 
elements). The following lemma is well-known, and one can easily check them from 
dehning relations of J^n,r- 
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Lemma 6.3. We have the following. 


11 


1111 

fiv 


Li and Lj commute with each other for any 1 < < n. 

Ti and Lj commute with each other if j 7 ^ + 1 . 


(iii) Ti commutes with both and Li + Lj+i for any 1 < i < n — 1. 


LUr = (, 




E t—1 
5=1 


Q L\j^\Ll + TiL\ for any 1 < i < n — 1 and t > 1. 

' t — S 


(v) LjTi = -{q-q i) + TiL\^^ for any 1 < i < n - 1 andt>l. 


6.4. Let m = (mi,..., m^) G Z!(q be an r-tuple of positive integers. Put 


aW = (M‘\---.aS)6Z?o‘ 
Ei.iEr.>b=" 


We also put 

= {p G yln,r(m) | > /U- 2 ^^ > • • • > Lml ^ 0 foi’ ^ach k = 1,... ,r}. 

We regard yl„^r(m) as a subset of weight lattice P = 0p fc)gr(m) tiy the 

injection yl„_r(m) —)■ P such that /i 1 —)■ Xlp fc)Gr(m) Then we see that 

^n,r(m) = ^n,r(m) nP+. 

For H G An^ri™)i put 


(6.4.1) 


"l/r = 


r—1 a/c 


9'‘”’r„)(nnui-Qt)). 

uiG 6 ^ 


fc=li=l 


where is the Young subgroup of ©„ with respect to p, and The 

following fact is well known: 


(6.4.2) 


m 


Tw = if w e&a- 


fL-^W 


The cyclotomic g-Schur algebra ,Y"„,r(iii) associated with Jffn,r is dehned by 
(6.4.3) 


y'nA'^) = End^„_^ 


At6U„,r(m) 


For convenience in the later arguments, put m^ = 0 for /i G P \ yln^r(m). 

6.5. Put 4+,.(m) = yl+,.((n,... ,n,m^)). It is clear that yl+,.(m) = yl+,.(m) if 
mfc > n for all /c = 1,..., r — 1. In the case where mk < n for some k < r, /l+^(m) 
is a proper subset of yl+^(m). 

In [DJM] (see also [Ml] for the case where m^ < n for some k), it is proven 
that =Yk,r(m) is a cellular algebra with respect to the poset For A G 

KA m), let A(A) be the Weyl (cell) module corresponding to A constructed in [DJM] 
(see also [Ml] and [W3, Lemma 1.18]). By the general theory of cellular algebras 
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given in [GL], {A(A) | A G gives a complete set of isomorphism classes 

of simple =5^„,r(m)-modules if ^n,r(m) is semi-simple. It is also proven, in [DJM], 
that ^n,r(^) is a qnasi-hereditary algebra such that {A(A) | A G yl+^(m)} gives a 
complete set of standard modules if i? is a held and > n for all k = 1,r — 1. 

From the construction of A(A) in [DJM], A(A) has a basis indexed by the set 
of semi-standard tableaux. Since we use them in the later argument, we recall the 
dehnition of semi-standard tableaux from [DJM]. 

For A G yl+^(m), the diagram [A] of A is the set 

[A] = k) e 11 < i < rrik, 1 < j < Af\ 1 < k < rj. 

For X = (i,j, k) G [A], put 

res(x) = 

For A G yl+^(m) and /x G a tableau of shape A with weight /x is a map 

T : [A] ^ {(a, c) G Z X Z I a > 1,1 < c < r} 

such that /x-^^ = tl{a; G [A] \ T{x) = (x,/c)}. We dehne the order on Z x Z by 
(a, c) > (o', c') if either c > c', or c = d and a > a'. For a tableau T of shape A with 
weight /X, we say that T is semi-standard if T satishes the following conditions: 

(i) If T((i, j, k)) = (a, c), then k < c, 

(ii) T{{i,j,k)) < T{{i,j + l,k)) if {i,j + l,k) e [A], 

(iii) T{{i,j,k)) < T((x + l,j,k)) if {i + l,j,k) G [A]. 

For A G yl+^(m), n G we denote by To{X, the set of semi-standard 

tableaux of shape A with weight /x. Then, from the cellular basis of in 

[DJM], we see that A (A) has the basis 

{ 9 ?t I T G 7o(A,/x) for some jj, G 

(See [DJM] for the dehnition of ifT-) 


§ 7. Generators of cyclotomic g-ScHUR algebras 

In this section, we dehne some generators of the cyclotomic g-Schur algebra, and 
we obtain some relations among them which will be used to obtain the homomor¬ 
phism from 7/q^Q(m) in the next section. 

7 . 1 . A partition A is a non-increasing sequence A = (Ai,A 2 ,...) of non-negative 
integers. For a partition A = (Ai, A 2 ,...), we denote by £{X) the length of A which 
is the maximal integer I such that A; 7 ^ 0. If denote it by A h n. 

For a integer k and a partition A F n such that £{X) < k, put 

&k ■ A ■^(pi, /X2) • • • ) /Xfc) £ ^>0 I di G ©fc j". 
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7.2. For integers t, /c > 0, we define the symmetric polynomials (xi,..., s^) G 
R[xi, ...,Xfc]®'' of degree t with variables Xi,... ,Xk as 

(7.2.1) ^f{xi,...,Xk)= il-q'^y^^'^~^mx{xi,...,Xk), 

Xht 

i{X)<k 


where mA(xi, ...,Xk) = E^=(^i,^2....,Mfc)66fc.A is the monomial symmet¬ 

ric polynomial associated with the partition A. For convenience, we also dehne 

(7.2.2) ^^{xi,...,Xk) = 

From the dehnition, we have 

(7.2.3) (ail, ■ ■ ■ ,Xk) = xi + X 2 -\ -h Xfc and (xi) = x\. 

The polynomials <h)’^(xi,... ,Xk) satisfy the following recursive relations which will 
be used for calculations of some relations between generators of ^n,r{'^) in later. 


Lemma 7.3. For t > 0, we have 

k k—1 

$t+l(Xi,...,Xfc) = ^^f{xu . . . ,Xs)Xs - . . . ,Xs)Xs+l 

S=1 S=1 

k 

= ^ (^’i^(xi,..., - q'^‘^^f{xi,..., Xs-i)xs) 

s=2 

$)^l(Xi,X2, ...,Xk)- <hi^i(x2, ...,Xk) 

= Xi{^f{xi,X2, ...,Xk)- q^^^f{x2,.. .,Xk)). 

Proof. In the case where t = 0, we can check the statements by direct calculations. 
Assume that f > 1. From the dehnition, we have 

■I>i,(xi,...,x,)= 5^ xrxf...x« 

£{X)<k 

= E E (1 -E 

5 = 1 AFt + 1 

£(A)<s A^s^O 

= E E (1 -E «“■■■<• 

5 = 1 AFt + 1 ^^©gA 

.£(A)<s Ais = l 


(7,3,1) 


(7,3,2) 
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+ E E (1 - 

5=1 Al—1+1 /xGSsA 

^(A)<s Ms >2 


= Y1 

5=1 Aht /iGSsA 

£(A)<s Ms=0 

+ Y1 “ ^T2)^(A)-1 ^ a;Wa;^2 . . . x^^Xs 

5=1 Aht /ie6sA 

^(A)<s Ms#0 

= E (E (1 - ?’=")'<">-' ^ 

5 = 1 Aht /iG©sA 

^(A)<s 

“ “ gT2)hA)-l ^ _ _ _ X>"/_\^)Xs 

5 = 2 Aht /iG6sA 

f(A)<s Ms=0 


/c — 1 

= ^ ..., Xs)xs - ^ <|)f (xi,..., Xs)a;s+i. 

S = 1 S=1 


We can easily check the second equality of (7.3.1). 

We prove (7.3.2) by the induction on t. In the case where t = 1, we can check 
(7.3.2) directly by using the relation (7.3.1) together with (7.2.3). Assume that 
t > 1. By (7.3.1), we have 

<hi+i(a;i,a;2,... ,Xfc) - ^f+i{x2, ...,Xk) 
k k—1 

= {^^Hxu---,Xs)xs-q^^Yl (xi,---, a;,)xs+i) 

S=1 5=1 

k k—1 

~ {'^^f{x2,---,Xs)Xs - q"^‘^'^^f{x2, . . . ,Xs)Xs+l) 
s=2 s=2 

k 

= ^f{xi)xi - q'^‘^^^{xi)x2 + ^ (*h^(a;i,..., x^) - ^Hx2, • • •, 2:s))a:^ 

s=2 


k-1 

~ ...,X,)- <^t{x2, . . . , X,))x,+i. 

s =2 


Applying the assumption of the induction, we have 

$t+i(2:i, X2,. . ., Xfc) - $)^i(x2,. . ., Xfc) 

= xi^^_^{xi)xi - qX‘^xi^f_^{xi)x2 
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k 




s=2 

k-1 

s=2 

...,Xs)- q"^‘^^f_^{x2,.. .,Xs))Xs+l 

k 

k-1 

{(5^<l>i^_l(xi,X2,..., 

Xs)Xs - q"^^ ^ X2,... , Xs)Xs+l) 

S=1 

S=1 

k 

k-1 

-gT2(^<hti(x2,. 

5 = 2 

. . , Xs)Xs - ^ <hf_i (X2, ... , Xs)Xs+i) } 

5 = 2 


Applying the relation (7.3.1), we obtain (7.3.2). □ 

Remark 7.4. At first, the anthor dehned the polynomials <h^(a:i,... ,Xk) by using 
the relations (7.3.1) inductively. The dehnition of (xi,... ,Xk) as in (7.2.1) was 
suggested by Tatsuyuki Hikita. 

7.5. For fi G An^ri™) and (j,/) G r'(m), put 


c=l p=l 

For (j,/) G F(m) and an integer t > 0, we dehne the elements and 
of (m) by 


/Cj-p(m^) = q 


'(i.O.t 






(0 

j m 


111 


q‘- (iy-,,,. .... 

0 

q (L^m ..., _, (i) 

0 


0 , 0 ' ” 0,0 ” ' 


if fif 7^ 0, 
if = 0, 
if ^ 0, 

if = 0, 


for each jj, G An,r{^)- 

It is clear that the dehnitions of are well-dehned. For p G An^r{™) and 
(j,/) G r(m) such that /i® 7 ^ 0, we see that 
commute with for any w G @n by Lemma 6.3 since $^(Ljv'" 
is a symmetric polynomials with variables _i,... ,L 

0,0 0,0 '’{ j.O '"3 ' " 

..., _^( 0 _,_J commute with m^, and the dehnitions of ^ are well 


' 0 . 0 ' 


0,0 ^3 ^ 

_,( 0 ,,. Thus, 


dehned. 

The following lemma is immediate from dehnitions. 

Lemma 7.6. For (i, k), (j, 1) G F(m) and s, t > 0, we have the following relations. 
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(ii) = Phl.’Ko.i = 0 {+.-})■ 

We also have the following lemma by direct calculations. 

Lemma 7.7. For {j,l) G L'(m), we have 


(W) -i±fe-9 )^(W 


7.8. For (h k) G F'(m) and an integer t > 0, we dehne the element and 
of ^n,r(m) by 


and 




''T+ —T^ 




+ (g q )'^(i^k),o^{i+i,k),o 

t-i 


if t = 0, 


- (9 - 9-‘) E 9-‘+X^,.-G,7+i..|,» it ‘ > 0- 


6=1 


By Lemma 7.7, we have the following corollary. 
Corollary 7.9. For {i,k) G F'(m), we have 

J{i,k),0 = ^(t,fc),0 “ ^^{i,k)) '^{i+l,k)fl- 


7.10. For N G Z>o and /x G Z,>o, put 


M-i 


[T;iV,/i]+ = 


[T;iV,/i]- = 


1 + g^T7v+iTAr+2 ... Tjv+ft if iV + /X < n, 


h=l 




otherwise, 


1 + q^TN-iT]sf-2 ■ ■. Tjsf-h if n > N > fi, 


h=l 


0 


otherwise. 


For convenience, we put [T; N, 0]^ = 0 for any N G Z>o. 

For iV, /X G Z>o and d G Z>o, put 

+ = [T; iV + (d - 1), /X - (d - 1)]+ ... [T; iV + 1, /X - 1]+[T; iV, /x]+, 
■ = [T; iV - (d - 1), /X - (d - 1)]- ... [T; iV - 1, /X - 1]“[T; iV, /x]". 

We also put = 1 for any iV,/x G Z>o. 
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For N G Z>o and d G Z>o, put 


(r;iV,d)+ 

{T;N,dr 


d-l 


1 + ^ q^T]\f+d-hTN+d-{h-i) ■ ■ ■ TN+d-2Ti 


N+d-l 


h=l 


d-l 


1 + q'^TN-d+hTN-d+{h-l) ■ ■ ■ TN-d+2TN- 


d+1 


h=l 


li N + d < 
otherwise, 

if n > > d, 

otherwise. 


We also put 


(T; TV, d)±! = (T; TV, d)±(T; iV, d - 1)± ... (T; TV, 1)±. 


The following lemma follows from Lemma 6.3 immediately. 

Lemma 7.11. For N,fi& Z>o, we have the following. 

(i) Li commute with [T ;N, fi]'^ unless N + fi>i>N + l. 

(ii) Li commute with [T ;N, fi]~ unless N>i>N — fi + 1. 

Lemma 7.12. ITe have the following. 

(i) For N, ^ E Z>o such that N + ja <n and ^ >3, we have 

{q^ ^T7v+2T;v+ 3 . . . Tjv+^-l)(q'^ ^T7 v+iT;v+ 2 • • • dAr+^_i) 

= {q^ ^T/v+iTjv+ 2 • • • ^iV+/r-l)(<?^ ^Z/v+lTAr+2 . . . TAr+^_2). 

(ii) For N, ^ E Z>o such that N > fv > 3, we have 

{q^ ‘^Tn-2Tn- 3 ■ ■ ■ TN-fi+l){q'^ ^Tp^-iTn- 2 ■ ■ ■ TN-fi+l) 

= {q^ ^Tjv-iTjv- 2 • • • ^iV-/r+l)(<?^ ‘^Tn-iTn- 2 ■ ■ ■ TN-fi+2)- 

(iii) For N, qi,c E Z>o such that /x > c > 1, we have 

[T; TV + 1, c]'''(g'^T7v+iTjv+2 • • • 7^+^) = (q'^Tjv+iT;v +2 • • • Ziv+^)[T; iV, c]'*', 
[T;iV-l,c]-(g'^T^_iT^_ 2 ...Tjv-^) = (g'^Tjv-iT ^-2 • • • T^-m)[T; TV, c]”. 


Proof, (i) and (ii) follows from the dehning relations of J^n,r- We can prove (iii) by 
the induction on c. □ 

Lemma 7.13. For N,fiE Z>o and d E Z>oj we have 


rp] 


+ 


'(r;]V,<i)+([™-‘] + 

‘ + y^l<i'‘T^+dTN+d+i ■ ■ ■ ry+j+^-i) ) 

h=l 


if li>d, 
if ir<d, 
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/i=l 


if II >d, 
if fi < d. 


Proof. In the case where /i < h, we see 
First, we prove that, if /i > h. 


that 


0 from the dehnitions. 


(7.13.1) 

[" 71 " = 


[" + (r; N, <i)+(?»‘-''r„+jr„+,+i...r„+„_i) ] 


by the induction on d. In the case where d = 1, it is clear by dehnitions. Assume 
that d > 1, then we have 


["71 


+ 




Applying the assumption of the induction, we have 


["71 


+ 


= {[T; AT + (c( - 1), - d]+ + (if-^TM+4T^+4+i... rA.+„_i)} 

X { ["‘in * + (T-,N,d- l)+(«'‘-‘‘+'rA,+,_,T„+j... Ta,+,_i) ]" }■ 


Then, by using Lemma 7.11 and Lemma 7 . 12 , we see that 

= [T; AT + d - 1 , /i - d]+ [ ] + 

+ (T; TV, d - l)+(g^-"+iT^+,_iT^+d ... T^+^-i)[T; iV + d - 2 , /r - d]+ 

+ {T; N,d — ‘^^^T^^d-iTN+d ■ ■ ■Tn+ii-i){c[^ '^TN+d-iTN+d ■ ■ ■Tn+ii-2) 

Note that 


[T; N + d — 2, fx — d]'*' + '^Tjv+d-iTAr+d... TAr+^_2 — [T; N + d — 2, fr — d + I]'*' 
and [T; A^ + d — 2, yu — d + 1]+ [^ ] '*') we have 


["‘71" 

= ["‘vn 


+ (1 + {T-,N,d- l)+(<,Tw+i-i))('l‘‘~'‘TN+dTN+d+i ■. .Tjv+^-i) ["‘7^”1' 
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By definition, we see that 1 + {T; N,d — l)+(gTjv_|_d_i) = (T;N, d)~^. Thus, we have 

(7.13.1) . 

Next, we prove that 

(7.13.2) = (T;iV,d)+ 

by the induction on d. In the case where d = 1, it is clear from definitions. Assume 
that d > 1. Note that by (7.13.1), we have 

rfT = (T;iv,d- i)+(dWi) 

= (l + (T;iV,d-l)+(gT^+,_i)) 

= (^;A^,d)+[^^^t^]^ 

Next we prove that, if /r > d, 

(7.13.3) 

= (T; N, d)+ ( [*) 

h=l 


by the induction on /r — d. In the case where /i = d, it is just (7.13.2). Assume 
that u > d. By applying the assumption of the induction to the right-hand side of 
(7.13.1), we have (7.13.3). 

It is similar for . □ 

We have the following corollary which will be used in Theorem 8.1 to consider 
the divided powers in cyclotomic g-Schur algebras. 

Corollary 7.14. ForN,fi G Z>q andd G Z>o? there exist the elements ^i^d) G 

J^n,r such that 

[^^^’^]^ = (T;iV,d)±!i3±(iV,;r,d). 

Proof. Note that TN+dTN+d+i ■ ■ ■ Tpi+d+h-i (resp. TN_dTN-d-i ■ ■ ■ TN-d-h+i) com¬ 
mute with [T] N,d — I)”*"! (resp. [T] N,d — 1)~!), then we can prove the corollary 
by the induction on d using Lemma 7.13. □ 


7.15. For (i, k) G r'{m), we define the elements o k) o '^n,r(m) by 






(i,fc),0 




(fc)i_ 
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for each /i G An^r{™), where we put Pmfc+i = if i = nik, and 


(fc+i) 


- 




if i ^ mfc, 
Qfc if i = mfc. 


Note that = 0 if p ± ap^fc) ^ /ln,r(m). 

By [Wl, Lemma 6.10], the definitions of are well-defined. (The elements 

lk)fi are denoted by in [Wl].) 

For (i, k) G and an integer t > 0, we define the elements ^ of S^n,' 

inductively by 




m 


(7.15.1) 


y+ _ 'T+ y+ _ y+ 'T+ 

{i,k),t {i,k),l‘^{i,k),t—l (i,k),t—l~^{i,k),l^ 


Lemma 7.16. For {i, k) G /^'(m), (j, /) G r'(m) and t > 0, we have 

{3,l){i,k),t (i,0 ^ ‘^{i,k),f 

Proof. We see the statement in the case where t = 0 from the definitions directly. 
Then we can prove the statement by the induction on t using (7.15.1) together with 
Lemma 7.6. □ 

We can describe the elements of ^^^^^(m) precisely as follows. 

Lemma 7.17. For {i, k) G /^'(m), f > 0 and p G An^ri™), we have the followings. 

{i,k) 


Proof. We prove (i). We can easily show that ^(m^) = 0 if = 0 by the 

induction on t using (7.15.1). Assume that 7 ^ 0. If t = 0, then it is just the 
definition of dfp fc) o- prove the equation for t > 0 by the induction on t. Note 

that (p -|- a{i^k))f'^ = + 1 and = -^pfc) + by the assumption of the 

induction, we have 

+1 




k) 

X ,,+l + +-^ 

{i,k) {i,k) {i,k) 

(k) 




On the other hand, we have 
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^ ,, + ,,-l +- 1 " L ^ ,i)- 


Thus, by (7.15.1) and Lemma 7.11, we have (i). (ii) is similar. 


□ 


Proposition 7.18. For G and s,t > 0, we have the following 

relations. 


i) [•rL)...ytoJ = 0 '! b.0 # (*. k). (* ± 1.*:). 


y^ _ v± y± _ ±2 y± y± _ y± y± 

dh ^{i,k),t+l^{i,k),s y ^{i,k),s^{i,k),t+l ~ y ^{i,k),t^{i,k),s+l ^{i,k),s+l^{i,k),f 


111 


y+ y+ _ ^-1 v+ y+ _ v+ y+ _/7fb’+ >”+ 

{i,k),t-\-l‘^{i+l,k),s y {i+l,k),s‘^{i,k),t-\-l {i,k),t‘^{i+l,k),s+l ^ (i+l,fc),s+l‘^(i,fc),t ’ 




y ‘^(i,k),t+l‘^(i+l,k),s ^(i+l,A:),s+l‘^(i,fc),t ^‘^(i,k),t^(i+l,k),s+l' 

Proof, (i) follows from Lemma 7.17 using Lemma 6.3. 

We prove (ii). We may assume that t > s by multiplying —1 to both sides if 
necessary. We prove 

(7.18.1) yt/=),<+iyt«,. - f^tuptu+i =- yt«,.+iyt/..).r 

Put N = N(lk)- Lemma 7.17 together with Lemma 7.11, for /i G An^r{™)i we 
have 

Thus, we may assume that > 2 since m^+ 2 a(u,) = 0 if < 2. By the 

ik) 

induction on Pj+i, we can show that 
(7.18.3) 

r„+,|T;]V + - ll+lTiAf,f,(*\]+ = ^lUAf + - l]+|r;]V,,^|S|+. 


We also have, by Lemma 6.3, 

(7.18.4) 

= (LAr+iLAr+2)^(Tv+lT7v+lTAr+l)T)v^2 


t — S 


Tv+l(T7V+iLAr+2)^TAr+i{L)v+l^N+l + (y “ y ^) L^N+1^^N+ 2 } 


P=1 


t — S 


TM+iL^jfl,L%^2TN+i + (y - q-^)TN+,Y.^NlVL^N:2- 

p=i 
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Then, (7.18.2) by using (6.4.2), (7.18.3) and (7.18.4), we have 
= N + 1, - i]+|ri N, ^<S]+ 


+ 9 ( 4-4 ‘>4 + 

P=1 

+ 4(9 - 9“')9“^'‘S’i+3m^^2^^. ^ ^ iwS'iyilri ^ + 1.9m 

P=1 


i]+[r;VdSr 

i]+[r;VdSr- 


Similarly, we have 

= 9 -"»‘S’.+»m,+ 2 „,,,.,T„+iLV;iiK+ 2 rA.+i|T;/V + - l|+|r;/V, fi® ]+ 

= ,-=+‘a++m,+2„„,.,ii,+ii?y2|r; Af + 1, fi'S - IJ+IT; Vd+’il* 

+ 4 ( 9 - 9 “') 9 “^'‘™’^’mm 2 <»„.„ A' + l.AilS - iV, 

p=l 

+ 4(9 - 9-')9-"'‘S‘+"™m2»<,,« ii iV + 1 , 91 ™ - Ij + IT; iV, + . 

p=l 


Thus, we have (7.18.1). Another case of (ii) is proven in a similar way. 

We prove (hi). Put N = Nj^i^y In the case where = 0, by Lemma 7.17 
together with Lemma 7.11, we see that 


(7.18.5) 


(■r(t.,.,+iyt 

{i,k)(i+1 ,k),s+l ^‘^{i+l,k),s+l‘^{i,k),t^ V'P) 

,(k) 




— a~lki + 2 + ^m rS+t+lrrTi_ jyj- W 1 + 

Assume that 7 ^ 0. By Lemma 7.17 together with Lemma 7.11, we have 
(7.18.6) 

,(k) (k) , ^ 4 -,^ , ,,(k) 


x|r;iV + 9.m.4hl+ 


N+pr+i'^N+p^^\+i 
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and 


(7.18.7) 


(fc) (fe) . ^ 

= —{q — 




ft rs+l 


X [r;iV,;i'?i]+|r;iV + AS.A‘;72l 

(fc) (fc) I , , 

^ ^A‘+“(i,fc)+“(i+l,fc)'^Af+l 

X [r;iV + ,<lS.dSl+' 


(fc) ,,(fc)l + 


By the induction on yU,^^\ using Lemma 6.3, we can prove that 
iTN+lTN+2 . . . +1 

= -hAr+l(7Ar+l^Af+2 • • • ~ (1~^)Ln+2{Tn+2Tn+3 ■ ■ ■ 


(fc) 


'S+1 


—2 
t'i + l 2 


+ ~ ^ (^Af+l7Ar+2 • • • Tf^+p)LN+p+2iTf^+p+2TN+p+3 ■ ■ ■ 


p=l 


+ {q-q ^){Tn+iTn +2 ■ ■ ■ 


(k) 

'i+l 


+ 1 ' 


By using Lemma 6.3 and (6.4.2), this equation implies 


(fc) 

'^M+“(i,fc)+“(i+l,fe)-^Af+l(*? *'''^^N+i7V+2 • • - Tj^^^^(k) ')L 


(7.18.8) 


,(fc) 


'^A‘+«(i.fc)+«(i+i,fe)-^Af+l(^ *''’^^N+i77V+2 • • • 


N+pf^^+r 


Thus, (7.18.7) and (7.18.8) imply 
(7.18.9) 


(fc) (fc) 

= 9^'‘‘+‘^'‘‘+*^'™;.+o,i,n+o,i+,i)r2ffl(9'‘**‘riV+irAr+2 ■ ■ ■ 

X |r;]V + f,<S,ftl'2]+. 

By (7.18.5), (7.18.6) and (7.18.9), we have 


,('=) 


+1^ w+^()i\+i 


jvH- ;vH- 

(i,/c),t+l‘^(i+l,/c),s 


g"^7h+, , ,, ., 2 = 




v+ 

(2+l,/c),S + l^(2,/c),t * 


^(2 + l,fc),S*^^(2,/c),t+l ^(2,fc),C ^(2+l,/c),S + l 

Another case of (hi) is proven in a similar way. □ 

Proposition 7.19. For (i, k) G /^'(m) and s,t,u> 0 , we have the followings. 
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(i) 

= {q + 

(ii) 

‘^(i±l,fe),a (‘^(i,fc),s‘^(i,fc),t ^(i,k),t^{i,k),s} ^^{i,k),s^{i,k),t ^{i,k),t^{i,k),s} ^{i±l,k),' 

i.Q Q ) ^^[i,k),s^{i±l,k),u^{i,k),t ^{i,k),t^{i±l,k),u^{i,k),s} ' 

Proof. By Lemma 7.17 together with Lemma 7.11, we have 
(7.19.1) 

= -^,„(« .„V'‘S»+V+2»,«,+«<.t,«it+iiy+2|r; N + !,,.«]+ 


ry (k) (k) .A , 

"^/^+2a(i,fc)+a(i+i,fc)-^Ar+l-^Ar+2 


X (g'‘S’.-‘r„+jrK+3... T„.,, )[r; n, ,,'Sl+i 


(k) 


N+Pi 


i + l 


i+li ^N+^J.\l\+l 




and 


(X+, 7h+.,,A'+ .3 -q~^X+, X+,, X+,,)(mP 

V (i,k),s (i,K),t [i-\-l,k),u ^ (i,k),s (i-\-l,k),u (i,k),t'\ P' 

q ^M+2a(i_fe)+a(i+l,i;)-^W+l-^V+2 

X [T; Af + 1 ,,^<?J+( 9 '‘'«Ta.+.T „+3 ... )L;^ N + ft® ]+. 


Applying Lemma 7.12 (iii), we have 


(7.19.2) 

(A+., A’+.,,A+ -g"^A+., A+ .3 7h,+i.^J(mJ 

V (i,k),s {i,k),t (i+l,k),u ^ (i,k),s (t+l,k),u (t,k),t'\ P' 


■ ^i+2+ ?T7,^+2o(. -^ + /ij'_|_\,^ 

(fc) (A:) 


X («'‘.t.-'r„+2r„+3 .. , XT; + ^JT; iV + 


We see that 


^/i+2Q;(i^fc)+Q:(i+l,S,) (7/7 v+i7/^+2 + ^N+1^N+2)'^N+1 
= ''22'/i+2a(i^i,)+0(i+i_fe)rAf+l(-h7v+l-^Ar+2 + -^V+l-^V- 
= q^r-+'2a^i,k)+a(i+i,k)i^N+l^N+2 + -^Af+l-^V+ 2 ) 
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□ 


by Lemma 6.3 and (6.4.2). Then (7.19.1) and (7.19.2) imply 

= (9+ 

The other cases of the proposition are proven in a similar way. 

By direct calculations, we have the following lemma. 

Lemma 7.20. For (i, k) G /^'(m), (j, /) G T'(m), t >0, we have the followings. 

(i) 1)^(1,k),f 

We also have the following proposition. 

Proposition 7.21. For {i,k) G /^'(m), {j,l) G T'(m), s,f > 0, we have the follow¬ 
ings. 

Proof. By Lemma 7.17 together with Lemma 6.3, we see that 

[Iw.,. A’(L),<1 = 0 if (], 1) + (i, f;), (* + 1, *:), 


where a, o' G {+, —}. Thus, it is enough to prove the cases where (j, 1) = {i, k) or 
(j, /) = (* + 1, k). We prove 

(7-21.1) [X.-.)..+i.-7'L),<l 

For /i G An^r{'<^), put N = Then, by Lemma 7.17 together with Lemma 7.11, 

we have 


^^{i,k),s+l‘^{i,k),t {i,k),t^{i,k),s+l^ 

= q ^7+1+ ^ 

X ($^+i(LAr+i, Lat, Ltv-I, . . . , — <1)+_^^(L7v, Ltv-I, 

By (7.3.2), we have 

= q ^»+i+ 

X Lat+i (^^(LAr+i, Tat, ..., — q Lat-i, . 

xX),+jT;iV,/ilS] + 
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y ''V+“(i.fc) 


X 


'{Ln+i,Ln, ... N, /i^]' 

- N, f,S‘>J+4>J(Ljv, ..., 

Now we proved (7.21.1). Other cases are proven in a similar way. 


□ 


Proposition 7.22. For {i,k),{j,l) G P'(m) such that {i,k) ^ {j,l) and s,t > 0, 
we have 

Proof. By Lemma 7.17, for p G we have 


X L* 

Af, , 

{x,k) 


|r; Nm- d’l 


(Oi- 


0.0 


and 








\(0l- rt 


,(fc) 


(7.0 


Since (i, k) ^ (j, /), we have 


\tV _ t\F-^U,1) t\tV _ Ar/^+«(i.fc) 


(/4 - a(i,z))!S = 


/xSS-l if (j,0 = (* + 1.^). 


if (J.O ^ (* + l.fc), 


(p + — 


- 7 




(0 


if (j.O 7^ (f + 1.^). 

/^f-1 if (j,0 = (f + 1.^)- 






if 7 ^ 

Qz if j = mi. 


Then, by Lemma 7.11, we have 


|r; yr,r"’' (f* - Km”''’ “ “0J))l?i] 


dfc) 


'0,0 


0,0 
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and 


[T; iv,= i«s,.,+i|r; ^'1)“'“’. + “(«))”) 

Thus, in order to prove the proposition, it is enough to show that 

(7 22 1) d'T 

= |r; (/“ + l'|r; Nhj.dfil-"- 


\( 0 l— Tt 




dOi- 


If (j, 1) 7 ^ (i + 1, A;), we see easily that (7.22.1) holds since the product is cummutative 
in each side. In the case where (j, /) = (i + 1, k), we can prove that (7.22.1) by the 
induction on Now we proved the proposition. □ 


Remark 7.23. There is an error in the proof of [Wl, Proposition 6.11 (i)] (see 
the case where (j, /) = {i + l,k)). The above proof also gives a hxed proof of [Wl, 
Proposition 6.11 (i)] as a special case. 


We prepare some technical lemmas. 

Lemma 7.24. For jj, G An^ri™-) o-nd (i, k) G T'(m), we have the followings. 
(i) For t > 0 and 1 < p < we have 


’ ^irk) ’ P\ = 






(ii) For t >0 and 1 < p < we have 


, ,+i 

{z,k) 




(i.fe) 


+ 1 ) 




^%,k)+p> 


Proof. In the case where f = 0, we have (i) and (ii) from (6.4.2). 

We prove (i) for f > 0. Put N = For 1 < h < — 1, by the induction 

on h together with Lemma 6.3 and (6.4.2), we can show that 


(7.24.1) 

'mfiL%{TN-lTN-2 ■ ■ ■ Tn-h) 


= m. 


,{(g - q-^)q^-^L% + ^^(g - •..T^-.+i)Liv_.+i 

s=2 

+ L%^{Tn-iTn- 2 ■ ■ ■ TN-h)LN-h}- 


We prove that 


(7.24.2) 


'm^iL%{TN-iTN-2 ■ ■ ■ Tn-h) 

= 'Pn^J.{q^^t (Fn, Ln-Ii • • •, Ln-h) — q^ (Fn, Ln-i, • • •, LN-h+i)) 
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by the induction on t. In the case where t = 1, by (7.24.1) together with (6.4.2), we 
have 

^/.t-hAr(Tjv-iTAr_2 . . . T^-h) 

h 

= + ^(g - q~^)q’"~^q''~^L^s+i + q’"LN_h} 

s=2 

= rUni^q’^^^{L n, ..., L^-h) — q^ (Lat, Lat-i, ..., Lat-a+i)) • 

Assume that t > 1. Applying the assumption of the induction to (7.24.1), we have 

'^tiL%{TN-iTN-2 ■ ■ ■ T]sf-h) 

= mf,{{q - q-^)q’^-^L% 
h 

+ ^v-i, • • •, ^v-s+i) 

s=2 

— g* • • • , 7/Af-s+2))7/Af-s+l 

+ (g^<h)Li (T^v, -^Af-i, • • •, Li^_h Lat-i, . . . , LAr_h+l))7/Ar-/i} 

Put s' = s — 1, we have 

'fT^liL%{T]Sf-iTN-2 ■ ■ ■ Tn-h) 
h 

i|g^(^-^^ + • • • , Lm-s>)Ln-s' 


= m,. 


S=1 


— Q ^t-l(-hAf, Ln-1, ■ ■ ■ , Ln-s'+i)Ln-s' 
h-1 

— g^“^ (l]^ + ^ Lat-i, • • •, Li^_s')Ln-s' 


s=l 


g *ht_i(LAr, LAf- 1 , • • • , -hAf-s'+O-hw-s 


Applying (7.3.1) to the right-hand side, we have (7.24.2). Thanks to (7.24.2), we 
have 


m^L)v[T; N,p\ 


p-i 


= m 


,L%{l + Y,q^Tr,.iTr,.2...T, 


N-h 


h=l 


P-1 


(-^iv) + ^ (-^Af) -hv-1, • • • , Lisf-h) 

— ^$)'"(TAr, Pv_l, • • • , T^Af-A+l)) } 


A=1 
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— {Ln, Ln-i, ..., Ln-p). 


Now we obtained fi'). 


For t > 0 and 1 < h < — 1, by the induction on h using Lemma 6.3 and 

(6.4.2), we can show that 


m 


i^N+l (^N+l^N+2 ■ ■ ■ T^+h) 


h-1 


(7.24.3) 


q {(1 ~ (f) (l + q''TN+iTN +2 ■ ■ • Tn+s) 

S=1 

+ q^TN+lTN+2 ■ ■ ■ TN+h}LN+h+l- 


We prove (ii) by the induction on t. We have already proved (ii) in the case 
where t = 0. 

Assume that t > 0. By (7.24.3), we have 


mf,L%^^[T;N,p]- 


p-i 


= m 


= m 


<?^7Ar+lT/v+2 • • • Fjv+/i) 


h=l 


p-l 


h-l 


= m 


iL^N+l\^N+l + ^ {(1 “ ^ q'*^lV+l^Af+2 • • • Tat+s) 

h=l s=l 

+ g^Tjv+iTjv+2 • • • Tjq+h]L N+h+l 

p p-l 

^LnIi{ - q^ 5^[T; N, h]+L, 




h=l h=l 

Applying the assumption of the induction, we have 

mpL%^^[T;N,p\-^ 

5 Ln+ 2, ■ ■ ■ , LN+h)LN+h 

p-l 


= m,. 


h=l 


^t-ii^N+i, L 


V+2, • • • , 


h=l 


Applying (7.3.1), we have 

^A+i [T;N,p]^ = m^<F7 (Ltv+i , Lisf^2, ■ ■ ■ , Ln+p)- 


□ 


Lemma 7.25. For p G (i, k) G F'(m), put N = Then we have 

the followings. 
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(i) If ii\ ^ 0, we have 

m,L%lT-, N-1, + II+IT; Af, aP]- 

(k) 

— AAf_i,..., 


+ + i.A*'"’ + 1]- - i)[r;iv,,,^]- 


(ii) If III’ 7 ^ 0, we have 

m,L^^[T- iV - 1, /iS^\ + l]+LAr[T; iV, /if)]“ 

(A:) 

= i(L7v, Ljv-1, • • •, 




(Ac) 

(g - g"f (Ljv, Ljv-i, • • •, 


X (-^^Af+l, Ln+2-, • • • , 


+ m„L^L„+i(|r; N - + 1]+ - 1) IT; ]V, ;,f >]■ 


(iii) If /i-f^ yl 0, we have 

m„lTi Af +1, f,f> + i]-L^+i|r; X 

(Ac) 

= (1 + - 1))"^-^*^* {Ln+1, Ln+2, ■ ■ ■ ,Lj^_^^(m) 


t-i 




6=1 


^ *^6 (Ln+i, Ln+2, ■ ■ ■, 

+ m,L%{[T; iV + 1, /if ^ + 1]" - l) [T; iV, /iSS] + 

(iv) If /ijf\ 7 ^ 0, we /lave 

m^L^+i[T;iV + 1,/if) + 1]-L%^,[T-, N, 

(Ac) 

= (1 + 5(170) - l))m^^f^i{LN+i, Ln+2, ■■■, ' 

1-1 


+ '^(^f) 70 )(^ - ^ f ^^t-biLN, Ln-1, ■■■, 

6=1 

X $^_^^(LAr+i, Ln+2, ■ ■ ■, 

+ m,L^j,LN+i{[T; N + 1, iif^ + 1]' - l) [T; iV, /iSS] + 


) 
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Proof. By the induction on we can prove that 

(7 25 It 

= |r; iv, d‘’l“ +^„)(|r; iv +1, +1]“ - 1) [r; V dt'P 

Thus we have 

m„LV|r; N-l, + Ij + IT; N, 

= m„L‘„ {[T; Af, i(|T; /V + 1 , > + 1|- - 1) IT; Af, }■ 

Applying Lemma 7.24 (i), we have (i). 

We prove (ii). By Lemma 6.3, we have 

[r;Ar-l,^W +1]+L„ 

= L^ + L„+i(|T; /V - 1, ft® + 1]+ - 1) - - Vbiiv+i [T; N, fi.'S]+. 

Thus, we have 

m,L%lT-, N-l, fi'S + 1 |+La,|T; N, 

= [T; N, ]- + ([T; AT - 1, + 1]+ - 1) (T; N, ]- 

■ La'.^0)9(9 - vd+’il+ir; v4‘L- 

Applying (6.4.2), Lemma 7.11, Lemma 7.24 and (7.25.1), we have (ii). 

We prove (iii). By Lemma 6.3, we have 

|T; N + + 1]-L‘„^, = L‘„+, + L‘„(|T; N + 1,^“’ + 1]" - l) 

t 

+ - V') E ^n'^+AT-, N, 

6=1 

Thus, we have 

m„|r; /V + 1, > + 1|-L‘„+, [T; N, filS]* 

= /V,+ m,L<^(lr Af + 1, > + 1]- - l)|T; /V, 4‘>J+ 

t 

6=1 

= m„i5v+i|r;VA!Sl+ 

+ '*(„fVo)'*<‘!‘“>9(9 - 9“')™prt+iir; n, ii.PY[r ; /v, 
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t-1 

+ - «■') N, fif |-lTi Af, a!S]+ 

6=1 

+ m,L^([r;]V+ + 1]- - l)|r;iV,,.Wl* 

Applying (6.4.2), Lemma 7.11 and Lemma 7.24, we have (hi). 

We prove (iv). By Lemma 6.3, we have 

[T] N + 1, p- ^ + 1] [T] N, 

= m„L«i|Ti N, + m^L‘„LA,+i ([T; Af + 1, fif > + 1]- - 1) |T; N, 

t 

+ - V') I] ™„L^-‘L‘+;, [T; N, N, ^.yj + 

6=1 

Applying (6.4.2), Lemma 7.11 and Lemma 7.24, we have (iv). □ 


Proposition 7.26. For {i, k) G P'(m) and s,t >0, we have 






^ 77 'i^k),s+t 


ifi 7^ ruk, 
ifi = rUk- 


Proof. Assume that s = 0 and t > 0. For fv G A„,.(m), put N = By Lemma 

7.17, we have 


(7.26.1) 


‘^(i,k),t^{i,k),o(''^r) 

= N-l, [T; N, 


and 


(7.26.2) 


‘^{i,k),0‘^^,k),ti'^V 


= 6 




-A 


(fc) 


Assume that i ^ ruk- 


have 


) 

IT; N + 1, [T; AT. 

By (7.26.1) and (7.26.2) together with Lemma 7.25, we 


(fc) 

- <^(1^0) ~ l))^t (-7v+l, Ln+2^ ■ ■ ■ , 

1-1 

- “ 7”^) ^(Fiv, F^-I,..., 
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X $6 (-^^Af+1, Lm+2-, • • • , ) 


^i+i 


,(fc) „(k) 




(Mrvo) 




(fc) (fc) 

))q^q~*^^^i (^N+1, Ln+2, • • • , ^7V+/r« > 


t-1 




(g - g-') E g-^+V-'’-'<^>t.(^iv, ^n-i, • • •, 




6=1 


X g (-^Af+l, -^Ar+25 • • • , 




Thus, we have ‘^(7,fc),o] = ^ (Note Corollary 7.9 in the 

case where t = 0.) 

In a similar way, by (7.26.1) and (7.26.2) together with Lemma 7.25, we also 

have ~ ~Qk^1jnkM)'^^'^kM),s+t + ^~{jni_,^k)'^irnk,k),s+t+l if * = TTlfc. 

Now we proved the proposition in the case where s = 0 and t > 0. 

Finally, we prove the proposition by the induction on s. In the case where s = 0, 
we have already proved. Assume that s > 0, by (7.15.1), we have 

Applying Proposition 7.21 together with Lemma 7.20, we have 

[AT. ^ ,, Ar,. 1 = -XL. s , ATm , AL. . , + AT. s AL. . , + AT.. , AL. . ,XL.., 

_ 1 _ q-— _ jv— jv+ T"— _ jv— jv + 

('i,fc),s—1*^(2,/c),t(i,/c),l ('i,fc),s—1*^(2,/c),£+l 

~ '^(i,fc),s-l] 4 '^(^,fc),s-l]^(^,fc),l• 

Then, by the assumption of the induction together with Lemma 7.6, we have the 
proposition. □ 

Lemma 7.27. For (i, k) G X'(m), we have the followings. 

(i) If (g — g“^) is invertible in R, we have 






q-q 


-1 


^(i,k)'^{hk),0 ^{i,k),0 ^{i+l,k),0- 


(ii) If q = 1, we have 
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Proof. For /i G by the definitions together with Corollary 7.9, we have 

= P"’ - dSi™!.- 

If (g — q~^) is invertible in i?, we have 


(fe) (fe) (fe) , (fc) 

, (.) (.), +^^+1 

^ 


q-q 


-1 


q-q 


_1 0'"^ 




Thus, we have (i). 

If g = 1, we have 


[/xf ^ = (/rf ^ 


Thus, we have (ii). □ 

In the case where g = 1, we have the following lemma. 

Lemma 7.28. Assume that g = 1. Then, for {j,l) G r'(m) and t>0, we have the 
followings. 

(i) Pm = !■_ 

Proof. If g = 1, we see that 

(7.28.1) ..., Xk) = x\+x\-\ - h xl, 

in particular we have ... ,Xk) = $7(^1; • • • ,Xk)- Thus, we have the lemma 

from the definitions. □ 

§ 8. The cyclotomic g-ScHUR algebra as a quotient of Wg,Q(m) 

Let Q = (Qo, Qi, ■ ■ ■, Qr-i) be an r-tuple of indeterminate elements over Z, and 
Q(Q)_= QiQo, Qi, • • •, Qr-i) be the quotient field of Z[Q] = Z[Qo, Qi,..., Qr-i]- 
Put A = Z[q,q~\Qo,Qi,... ,Qr-i], and let IK = Q(g, Qo, Qi, • • •, Qr-i) be the 
quotient field of A, where g is indeterminate over Z. Put 

0Q(m) = Q(Q) ®Q(Q) gQ(m), 

Wg Q(m) = ]K{ 8 )KWg,Q(m) and = A ( 8)4 WA,g,Q(m). 
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We define a full subcategory CQ(m) and C^°(m) (resp. C^^{va) and C^~(m)) of 
17(gQ(m))-mod (resp. W^Q(m)-mod) in a similar manner as CQ(m) and C^°(m) 
(resp. Cg,Q(m) and (m)). 

Let (resp. be the Ariki-Koike algebra over K (resp. over A) with 

parameters g, Qo, Qi, • • •, Qr-i, and ^^^(m) (resp. ^^^(m)) be the cyclotomic 

g-Schur algebra associated with (resp. Then, we have the following 

theorem. 


Theorem 8.1. We have a homomorphism of algebras 

( 8 . 1 , 1 ) 

by taking = Wu’ '•'(Ao.i) = ^W),< *'('^0,1)) = W)' 

The restriction of totlj^^^{m) gives a homomorphism of algebras 

Moreover, ifmk > n for all k = 1, 2,..., r — 1, the homomorphism tl' (resp. \l/^j 
is surjective. 


Proof. The well-dehnedness of follows from Lemma 7.6, Lemma 7.7, Lemma 7.16, 
Proposition 7.18, Proposition 7.19, Lemma 7.20, Proposition 7.21, Proposition 7.22, 
and Proposition 7.26. 

Note that (resp. is an A-subalgebra of (resp. by 

dehnitions. In particular, in order to see that tp G belong to it is 

enough to show that (p{rn^) G ^^7 T ^ 

For /i G A„_r(m) and d G Z>o, we see that. 


( 8 . 1 . 2 ) 


A(yz);0 

d 





if d</if, 
if d > 


in This implies that e 

For (f, k) G F'(m) and t,d E Z>o, we see that 
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in This implies that e since c?) e 

by the argument in the proof of Corollary 7.14. Similarly, we see that TG 

Thus, the restriction of T to gives a homomorphism 

The last assertion follows from [Wl, Proposition 6.4]. □ 


Remark 8.2. In order to prove the surjectivity of 4/ (resp. 4/^), we use the result 
of [Wl, Proposition 6.4]. In fact, we considered only the case where rrik = n for 
all /c = 1, 2,..., r in [Wl]. However, we can apply the result to the case where 
ruk > n for all /c = 1, 2,..., r — 1 without any change since the surjectivity in [Wl, 
Proposition 6.4] follows from the result in [DR]. The reason why we assume the 
condition > n for all /c = 1, 2,..., r — 1 to state the surjectivity of 4/ is just the 
using results of [DR]. We expect that 4/ is also surjective without this condition. 

Theorem 8.3. Assume that rrik > n for all k = 1,2,... ,r — 1. Then we have the 
followings. 

(i) ^^^(m)-mod is a full subcategory o/C-~(m) through the surjection 4/ in 

( 8 . 1 . 1 ). 

(ii) The Weyl module A(A) G ^,f^(m)-mod (\ G yl+^(m)j is the simple highest 
weight hi-module of highest weight (A, c^) through the surjection 4/, 

where the multiset ip = {Tfji)t ^ I (a 0 ^ r{in),t > 1) is given by 


Proof. For A G let 1 a be an element of such that the identity on 

and Ia(M^) = 0 for any /i 7 ^ A. Then we have lAl^i = ^a/^Ia and X^AG/in ^.(m) = 1- 

Thus, for M G -mod, we have the decomposition 


(8.3.1) 


M= 0 VM. 


Moreover, we see that 

, (0 

l^M = {m G M I /C)j. ly m = m for (j, /) G T'(m)} 
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from the definition of \I/. Thus, any object M of ^^^-mod has the weight space 
decomposition (8.3.1) as a Q(m)-module, where we remark that C P>o. 

For M G -mod, in order to see that all eigenvalues of the action of 

> 0) on M belong to K, it is enough to show them for 
A(A) (A G yl+^(m)) since is semi-simple and {A(A) | A G yl+^(m)} gives a 

complete set of isomorphism classes of simple ^,f^-modules. Recall that {(^r | T G 

7o(A,yu) for some /i G yln,r(m)} gives a basis of A(A). 

Note that ^ L ^ ( 0 ,i) commute with for any w G 

O'.O O'.O ^3 

by Lemma 6.3, for T G 7o(A,/i), we have 

( g±h-i)$±(res(j-z).T)</?r + V rg^s {rs G K) if ^ 0, 
(8-3-2) ■^T= I s>T 

(O if/if = 0 

in a similar argument as in the proof of [JM, Theorem 3.10], where 

= $t^(res(a:i),res(x 2 ),..., res(xo)) 

^3 

with {xi, X 2 , ■ ■ ■ ,x (i)} = {x G [A] I T{x) = (j, /)}, and > is a partial order on 7o(A, /i) 

dehned in [JM, Dehnition 3.6]. This implies that all eigenvalues of the action of ^ 

on A(A) belong to IK. Now we proved (i). 

We prove (ii). For A G yl+^(m), let be the unique semi-standard tableau of 
shape A with weight A. Then, we see easily that is a highest weight vector of 
A(A). Note that there is no tableau such that S \> T^, then we have 

(8.3.3) ..., g,g'("”-^)) 

by (8.3.2). Then we can prove (ii) by the induction on t using (8.3.3) and (7.3.1). □ 

Let eFg^(m) be the cyclotomic g-Schur algebra over Q(Q) with parameters q = 
1, go, gi,..., gr-i- Then we have the following theorem. 

Theorem 8.4. 

(i) IFe have a homomorphism of algebras 

(8.4.1) Ti : P(0Q(m)) ^ 

by takmg ^'i(^(tfc),t) = 

Moreover, if > n for all k = 1,2,... ,r — 1, the homomorphism Ti zs 
surjective. 

(ii) Assume that > n for all k = 1,2,... ,r — 1. Then -mod is a full 

subcategory of C^{m) through the surjection Ti. 
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Moreover, the Weyl module A(A) G -mod (\ G is the simple 

highest weight U{Q^{m))-module of highest weight (A, y?) through the surjec¬ 
tion d'l, where the multiset £ Q(Q) I (j, 0 ^ A 1 ) is 

given by 


= QLiAf. 

Proof. Note Lemma 7.27 and Lemma 7.28, then we can prove the theorem in a 
similar way as in the proof of Theorem 8.1 and Theorem 8.3. □ 

§ 9. Characters of Weyl modules of cyclotomic g-ScHUR algebras 

In this section, we study the characters of Weyl modules of cyclotomic g-Schur 
algebras as symmetric polynomials. In particular, we prove the conjecture given in 
[W2] (the formula (9.2.1) below) which will be understood as the decomposition of 
the tensor product of Weyl modules in the case where g = 1. 

9.1. Characters. For k = 1,. .. ,r, let = {x(^i^k), X(^ 2 ,k), ■ ■ ■ ,X(^rnk,k)) be the set 
of mk independent variables, and put = U^^;^Xm^. Let Z[xj^] (resp. Z[xm]) be 
the ring of Laurent polynomials (resp. the ring of polynomials) with variables x^. 

For A G P, we dehne the monomial G Z[xj^] by x^ = 111 = 111^*1 ■ 

For M G CQ(m) (resp. M & Q(m)), we dehne the character of M by 

(9.1.1) chM = 'y^ dimMxX^ G Z[xj^]. 

AGP 

It is clear that chM G Z[xin] if M G C^°(m) (resp. M G C-~(m)). 

When we regard M G CQ(m) as a © • • • © gl„j^)-module through the 

injection (2.16.2), chM dehned by (9.1.1) coincides with the character of M as a 
© • • • © 0 lrrt,.)”i^odule siuce M\ is also the weight space of weight A as a 
© • • • © fllmj-i^odule . Thus, by the known results for © • • • © 

modules, we see that 


chM G (g)Z[x^)]®-fc if M G C|°(m), 

fc=i 


where Z[xm^]®"*fc is the ring of symmetric polynomials with variables Xm\ and 
we regard Z[xm^]®"‘'= as a subring of Z[xm] through the multiplication map 

Z[x^^]®"‘fc ^ Z[xm] I-A nfc=i/(^m)). It is similar for M G 

CgQ(m) through the injection (4.9.2). 

9.2. The character of the Weyl module A(A) G A^„,r(m) (A G 7l+^(m)) is studied 
in [W2]. Note that chA(A) (A G yl+^(m)) does not depend on the choice of the 
base held and parameters. Put yl>g^(m) = U„>o7l+^(m). For A,/i G yl>Qj,(m), the 
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following formula was conjectured in [W2, Conjecture 2]: 

(9.2.1) ch A(A) ch A(/i) = LR^^chA(i/) for A,/r G A>q ,.(m), 

where = 111=1 and LR)^[fc)^(fc) is the Littlewood-Richardson coeffi¬ 
cient for the partitions and We prove this conjecture as follows. 

9.3. For A = (A^^\ ..., A^^^) G yl+,.(m), we denote 

(0^_^,A('^\0,...,0) GR+,,(m) 
k-l 


by (0,..., ..., 0) simply, where Uk = (i-®- appears in the fc-th 

component in (0,..., A^^\ ..., 0)). Let 


S^(k) (x. 


(fc) 


m U---UX^ 


W' 


ez|x«u...uxl;)] 


(r)l6(xl^^U---Uxl;;') 


be the Schur polynomial for the partition A^^^ with variables Xm^ U • ■ ■ U Xm\ where 
we regard Z[xm^ U ■ ■ ■ U Xm as a subring of <S)k=i Z[xm^]®’"'= C Z[xin] 

in the natural way. Put S\{'Xm) = chA(A) (A G /l>Q^(m)). Then we have the 
following proposition. 

Proposition 9.4. For X, fi ^ yl>Q^(m), we have the following formulas. 

(i) >^(0,...,AW,...,0)(Xm) = Raw(x^)U---Ux^)). 
r 

(ii) S'A(Xm) = J_ J_ ‘^(0,...,A('“),...,0) (^m) ■ 

k=l 

(hi) 5A(xm)R/,(xm) = ^ LR);^ (x^) ■ 

Proof, (i). By the dehnition of the cellular basis of S^n,r{™) in [DJM], for A G 
Kri m), we have 


(9.4.1) 5A(x^)=chA(A)= ttro(A,/x)a;C 

lJ.eAn,r{m) 

Thus, we have 

(9.4.2) *S'(o,...,A('=),...,0)(^m) = E ttro((0,...,A('=),...,0),/i)a;^ 

At6^nj,,r(m) 


where Uk = ■ We see that 

= ... = = 0 if ro((0,..., A(^),..., 0), /i) ^ 0 
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by the definition of semi-standard tableaux. Thus, we have -S'(o,,..,A('“),...,o)(^m) G 
Put 

= {/i = ... ,/i^''^) e AukA™) I = 0 for / = 1,..., /c - 1}. 

Put m' = mk + - ■ ■ + mr. We identify the set with by the bijection 

6^ : !-)■ such that 




l^i 

/4mj,+mfc+iH-hmfc+i-i+i 


if / = 0, 

if l<l<r — k 


for fi = (yUi,/i 2 ,... ,/Um') G An^^i{m'). By the well-known fact, we can describe the 
Schur polynomial Sxik){x.^ U ■ • • U ) as 

(9.4.3) S„„(xWu...UxM)= 

where we put x'^ = definition 

of semi-standard tableaux, we see that 


tiro(A«, = tiro((o,.... A<‘>,.... 0). fl"),.)) 


for p G i(m'). Thus, by comparing the right hand sides of (9.4.2) and of (9.4.3), 
we obtain (i). 

(ii). First we prove that 

(9.4.4) 'S'(A(i),A(2),...,A(^))(^m) = >S'(A(i)^o,...,0)(^m)<S'(o^A(2),...,A(’'))(^m)- 
By (9.4.1), we have 

(9.4.5) *^(A(i),A(2),...,AW)(xm) = Y 1 ti'7o(A,/i)x^. 

tJ.eAn^r{m) 


On the other hand, we have 
(9.4.6) 

*S'(A(l),0,...,0)(^m)*S'(o,A(2),...,A(^))(^m) 

= ( E #7-„((A“>,0,...,0),Ox'')( E #7-„((0,A<^),...,AM),r)x-) 
= E ( E #7-„((A“>,0,...,0),O#r„((0,A<"),...,AM),r))i'‘ 


New realization of cyclotomic g-Schur algebras I 


55 


where ni = ~ n—rii. From the dehnition of semi-standard tableaux, 

we can check that 

(9.4.7) ttro(A,/i)= ttro((A(i),0,...,0),f.)ttro((0,A(2),...,A«),r). 

,^(m) 

U + T = IX 

Thus, (9.4.5), (9.4.6) and (9.4.7) imply (9.4.4). By applying a similar argument to 
'S'(o,A( 2 ),...,AW)(xm) inductively, we obtain (ii). 

By (i) and (ii), we have 

r r 

S xi^m) S 'S'(0,...,A('=),...,0) (^m)) ( o)(^m)) 

k=l k=l 

r r 

= ( n (xW U ... U xM )) ( n S„<« (xW U ... U xM)) 

k=l k=l 

r 

= n L) . .. U xW))S„,«(x1;> U . .. U xW)) 

k=l 

r 

= n( E L<E«5.«)(x£>U...UxM)) 

k=l - \-mr) 

r r 

= E (nL<v(«)nAo,.....™,....o)(x».) 

= ^ LRJ„SAx„), 

where we note that, if .^(A^^^) > -|- • —h for some fc, we have Sxik) (xm^ U • • • U 
Xm ) = 0 and 7o(A,p) = 0 for any p G 7l„,r(in)- Now we obtained (hi). □ 


§ 10. Tensor products for Weyl modules of cyclotomic g-ScHUR 

ALGEBRAS AT g = 1 

By using the comultiplication A : 7 /( 0 ^ (m)) —)■ [/(^^(m)) (g) 7/(gQ(m)) (A(a:) = 
x (g) 1 -|- 1 (g) ic), we dehne the 7 /( 0 g(m))-module M (g) A for 7 /( 0 Q(m))-module M 
and N. We regard ^„^,.(m)-modules {n > 0) as a f/( 0 Q(m))-modules through the 
homomorphism Ti in (8.4.1). Note that ^^^(m) is semi-simple, and {A(A) | A G 
(m)} gives a complete set of isomorphism classes of simple .5^^,,(m)-modules if 
ruk > n for all k = 1, 2,..., r — 1. Then, we have the following proposition. 

Proposition 10.1. Assume that rrik > n for all k = 1,2,... ,r — 1. Take ni,n 2 G 
Z>o such that n = rii + n 2 . For A G r(™) ^Lesp. p G 71+^ r (™))’ ^(•^) ^Lesp. 

A(/i)j be the Weyl module o/^„^^^(m) (resp. corresponding X (resp. n). 
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Then we have 

(10.1.1) A(A) 0 A(/i) = LR5^^A(i^) as U{q^{ui))- modules, 

where A{u) is the Weyl module o/^^,,(m) corresponding v, and A(z/) means 
the direct sum o/LR^^ copies of A{v). In particular, A(A)0A(/i) G -mod. 


Proof. For r G P>o, put 

7rm(r) = ..., G 

where for / = l,...,r. We denote by > the lexicographic 

order on Z'^q. Then we have the weight space decomposition 

(10.1.2) A(A)0A(/i)= 0 (A(A) 0 A(/i))^. 

(m) 

On the other hand, it is clear that A (A) 0 A(/i) G C^°(m). Thus, we have 

(10.1.3) [A(A) 0 A(/i)] = ^d^,<^[L(z/,(^)] in R:o(C|°(m)), 

where is the composition multiplicity of the simple highest weight [/(^^(m))- 
module L(z/, cp) of highest weight {u, cp) in A(A) 0 A(/i). 

Note that Tj+iTj = TjLj and LjTj = TjLj+i since q = I- Then, for (j, 1) G P(m) 
and t > 1, we see that 

(10.1.4) ■ V = Q\_ivfv for any v G (A(A) 0 A{p))y 

if Tirniy) = 7rm(A -|- /i) by the argument in the proof of [JM, Proposition 3.7 and 
Theorem 3.10]. This implies that 

(10.1.5) L(z/, p)) = A{u) if d,J^^p ^ 0 and 7rm(i^) = 7rm(A -h p) 

by Theorem 8.4 (ii). By Proposition 9.4 (hi) together with (10.1.3) and (10.1.5), we 
have 

( 10 . 1 . 6 ) 

ch(A(A) 0 A(/i)) = Sx{pi-m)Sf,{y^m) 
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X. 


E E ^p), 








where d^, is the composition multiplicity of A(i/) in A(A)(8)A(p). Note that = 0 
unless 7rjn(z/) = 7rni(A + p), the equations (10.1.6) imply d^ = LR)(^ if 7rjn(z/) = 
7rm(A + p) and di,^ip = 0 if 'Kra{v) < 7rni(A + /i). Thus, we have 


(10,1,7) ia(a)®a(m)]= 5^ lr:;^1a(0|. 


By (10.1.2), for any /c = 1, 2,..., r — 1 and any f > 0, we have 

(lO'i'S) yh,w( 0 (a(a)®a(^))„) = o 

t'0.A7T,,7’(m) 

TTm (^') = 7rm (A+/x) 

since T^miy + cti(rnk,k)) > ■ Then, by (10.1.4) and (10.1.8) together with the 

relation (L2), we see that 

(10.1.9) 

{u G (A(A) 0 A{fi))i, I ^ - V for all {i, k) G /^'(m) and t > 0} 

= {u G (A(A) (8) A{p))y I e(i,fe) • v for all (i, k) G r(m) \ {(mfc, k)\l<k < r}} 

for z/ G yl+,,(m) such that 7rm(i^) = 7rm(A + /r), where ep^fe) G © ••• © 

) acts on A(A) © A(/i) through the injection (2.16.2). On the other hand, 
h'GAn,r{m) (A(A) © aIp))^ is a f/(0tmi © • • • © gtmj-submodule of A(A) © A(/i) 

TT m () = TT m (A+) 

and we have 

(10.1.10) 

^ (A(A) © A(p))i. = ^ LR^^ Ag[^^(z/^^^) © • • • © Ag[^^(z/^'’^) 

veAn,r(in) lyeU+^fm) 

'^m('^)“7rm(A+/i) ’ 

as 17(0[^^©- • •©gl^^)-modules by comparing the character (note [W2, Lemma 2.6]). 
By (10.1.7), (10.1.9) and (10.1.10), we see that 

A(A)®A(m)= 0 LRpA(0 


as 17(gQ(m))-modules. □ 

Remarks 10.2. 

(i) For M,N E CQ{m), we see that ch(M © iV) = ch(M) ch(iV) by dehnition of 
characters. Then the decomposition (10.1.1) gives an interpretation of the 
formula (9.2.1) (Proposition 9.4 (hi)) in the category CQ(m). 
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(ii) We conjecture that the algebra U^^{va) has a structure as a Hopf algebra. 
Then we also conjecture the similar decomposition for the tensor product of 
Weyl modules of [n > 0) as in (10.1.1). 
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